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Abstract

Multicomponent flows consist of multiple distinct chemical species in a
common thermodynamic phase. This thesis develops a general framework
for the numerical simulation of such flows using finite element methods.
The partial differential equations that we employ are the Onsager—Stefan—
Maxwell (OSM) equations of irreversible thermodynamics, coupled with
the Navier—Stokes equations. These yield a thermodynamically consis-
tent framework for capturing a wide variety of coupled physical phenom-
ena, including momentum transport, cross-diffusion, thermodynamic non-
idealities, electrochemical effects, local electroneutrality, heat transport,
and thermodiffusion. Such phenomena appear ubiquitously in scientific
applications, but the numerical analysis literature studying their coupling

is extremely limited.

Chapter 2 of this thesis devises a family of high-order finite element algo-
rithms for the stationary isothermal Stokes-OSM equations. This enables
their efficient numerical solution by finite element methods in three dimen-
sions for the first time. We also prove well-posedness and quasi-optimality
of these discretisations in a Picard linearised setting. Chapter 3 extends
these algorithms to handle transient, Navier-Stokes-OSM flow in elec-
trolyte mixtures that are locally electroneutral. Here, a subtle interplay
between the boundary conditions and volumetric equation of state arises,
which we identify and address for the first time. Finally, chapter 4 extends
the algorithms further by capturing heat transport and thermodiffusion
in anisothermal multicomponent flows. Therein we also show, for the first
time, that it is possible to obtain structure-preserving discretisations in

the sense of energy preservation and entropy dissipation.

Throughout the thesis, numerical simulations demonstrate the scientific
applicability of the methods. These simulations include (i) the non-ideal
microfluidic mixing of hydrocarbons, (ii) electrolytic flow around a mi-
crofluidic rotating disk electrode, and (iii) ion, heat and momentum trans-

port in electrolyte mixtures used in lithium-ion batteries.
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Chapter 1

Introduction

Section 1.1 of this chapter is adapted from the introduction sections in [6, 7].

1.1 Introduction to multicomponent flows

This thesis is concerned with the numerical simulation of multicomponent fluids (or
mixtures) using finite element methods. Mixtures are fluids comprised of n > 2 dis-
tinct chemical species (or components) in a common thermodynamic phase (e.g. liquid
or gas). The defining challenge in modelling mixtures is that the different compo-
nents are not independent; they are instead coupled through physical processes such
as diffusion or reaction. Air, for example, is a mixture of oxygen, carbon dioxide,
water vapour, nitrogen and other species, and when modelling airflow in the lungs for
heliox therapy, it is important to track these different components and model their
diffusive interactions [77].

A common but limiting assumption in multicomponent fluid modelling is that the
mixture is in the dilute regime. In this regime the concentration of one component (the
solvent) dominates that of all others (the solutes). Consequently, the solvent velocity
field can be solved for independently of the solutes, using, for example, the Navier—
Stokes equations. The solute concentrations can then be modelled using decoupled
advection-diffusion equations in which the solvent velocity field is used for advection
and the diffusive fluxes are modelled using Fick’s law [53]. However, in non-dilute (or
concentrated) mixtures, this approach can fail drastically. In the concentrated regime
all components are present in similar amounts, and Fick’s law breaks down as it fails
to capture the appreciable diffusional forces that the components can exert on one
another [77, 78, 123]. This behavior, known as cross-diffusion [28, 69, 108], plays an
important role in many areas of science; examples include physiology [30], combustion

[56], electrochemistry [86], geosciences [110] and separation processes [119].



We model cross-diffusion using the Onsager—Stefan—Mazwell* (OSM) equations
(14, 77, 78, 86, 87, 123]. These are named after Onsager, who developed the theory of
irreversible thermodynamics [88, 89, 90], and Stefan and Maxwell, who independently
derived the Stefan—Mazwell (SM) equations [82, 107] which model cross-diffusion in
ideal gaseous mixtures. It was first realised in [79] that Onsager’s theory and the SM
equations are compatible; their reconciliation yields the more general OSM equations.
The OSM equations are applicable to gases and condensed phases, are valid in the
dilute and concentrated regimes, and can account for a range of physical phenomena
including pressure diffusion and thermal diffusion [14, 123]. Moreover, the OSM equa-
tions can handle thermodynamic non-idealities (arising in mixtures with a nonzero
excess Gibbs free energy of mixing [60]), the effects of which are important in the
non-dilute regime [78]. The OSM equations also obey the second law of thermody-
namics, which states that entropy generation in a closed system is non-negative. This
ensures that the thermodiffusion transport matriz, defined in section 1.6, is positive-
semidefinite [90, 112, 113], which will be crucial in our subsequent mathematical
analysis.

The OSM equations are of particular importance in electrochemistry. In this
context, the equations were popularised by Newman [86, 87| for modelling electrolytes,
and the resulting framework is sometimes known as concentrated solution theory. The
OSM equations provide a thermodynamically rigorous model for electrolytic mass
transport by convection, cross-diffusion and electromigration. The equations are also
compatible with the principle of local electroneutrality [114]. In many applications,
momentum transport plays an important role (e.g. fuel cells, electrodialysis). In such
cases it is necessary to couple the OSM equations to momentum conservation laws
such as the Stokes or Navier—Stokes equations.

Despite being ubiquitous in many scientific applications, the OSM equations have
received limited attention in the numerical analysis literature. This is especially true
regarding discretisation by finite element methods; we are only aware of a handful
of papers in this direction [4, 24, 26, 46, 80]. However, finite element methods are a
natural candidate for tackling real-world scientific applications, owing to their ability
to handle complex geometries and boundary conditions. High-order finite element
methods are especially appealing because of their ability to exploit the high arith-
metic intensity of modern computer architectures. Moreover, almost all of the existing
OSM numerics literature relies on limiting physical assumptions, such as: a thermo-

dynamically ideal gaseous mixture; that the equations for momentum transport can

'Sometimes in the literature called the generalised Stefan—Mazwell or Mazwell-Stefan equations.



be decoupled from the OSM equations; that the mixture is quasi-incompressible; or
the Boussinesq approximation holds. It would be desirable to overcome the need for
such assumptions, since they limit the scientific applicability of existing methods.
The purpose of this thesis is to develop a robust numerical framework for mul-
ticomponent fluids, based on the OSM equations and finite element methods, that
does not rely on limiting physical assumptions such as those mentioned above. As
we shall see in the forthcoming chapters, this shall enable the simulation of scientific

applications that were previously inaccessible.

1.2 Mathematical summary of equilibrium ther-
modynamics of multicomponent systems

A natural starting point in the study of multicomponent systems is the theory of
equilibrium thermodynamics. This concerns systems that are in thermodynamic equi-
librium, a concept that is physically intuitive but difficult to rigorously define in full
generality. For the purposes of our discussion here, an isolated system can be con-
sidered to be in thermodynamic equilibrium if all of its macroscopically measurable
properties do not vary in space or in time. Equilibrium thermodynamics establishes
a large collection of macroscopic quantities for characterising the state of mixtures
and describing their physical behaviour. Examples that will be encountered often
are temperature, pressure, chemical potentials and concentrations. These quantities
and their mathematical relationships remain foundational in mixtures that are out
of equilibrium, as we shall discuss in section 1.4. Crucially, for scientific applications
it is necessary to have a physical understanding of thermodynamic properties and
their relationships to experiment. However, it is not our purpose to discuss this in
detail here. The purpose of this section is to briefly summarise the mathematical
aspects of equilibrium thermodynamics that are relevant to this thesis; we use these
tools ubiquitously in the following chapters. For further detail, and especially for
physical insight on the ideas discussed in this section, we refer to standard textbooks
on thermodynamics and chemistry [2, 60, 61].

We begin by considering a multicomponent system of n > 2 species, which is in
thermodynamic equilibrium, at temperature 7" > 0 (K) and pressure p > 0 (Pa).
We denote by ni,...,n, > 0 (mol) the number of moles of each species present.
Throughout this thesis, we use the letter ¢ € {1 : n} := {1,...,n} to index the
species. The molar masses of the species are denoted by my,...,m, > 0 (kgmol™).

We treat T, p,nq,...,n, as being the fundamental n + 2 variables that characterise



the macroscopic equilibrium state of our multicomponent system. This means that
it is possible to independently vary these n + 2 variables (in either a real experiment,
or in a thought experiment), and by doing so any possible macroscopic equilibrium
state of the system can be realised. For simplicity, we assume that the species are
electrically uncharged, since in the charged case the electrical state of the system
must also be taken into account (see chapters 3 and 4), a complication we avoid for
the sake of this discussion.

We have chosen to work with the state variables T" and p because these quantities
are intensive, meaning that they are independent of the size of the system. This will
be helpful in section 1.4 when we introduce the partial differential equations govern-
ing systems out of thermodynamic equilibrium, since these equations are naturally
formulated using intensive quantities. Having decided on a choice of state variables,
the next step is to introduce a so-called thermodynamic potential, which is a property
that quantifies the energy of the system. There are numerous thermodynamic poten-
tials that one can choose to work with, including the Gibbs free energy, Helmholtz
free energy, internal energy and enthalpy. When using T" and p as state variables it is
most convenient to work with the Gibbs free energy, and we shall do so throughout
this work. Importantly, this choice comes with no loss of generality, since the different
thermodynamic potentials can be related to one another using formulae derived from
Legendre transformations.

The Gibbs free energy has the remarkable property that, by taking its partial
derivatives, one can derive expressions for nearly all of the equilibrium properties of
interest in the multicomponent system at hand. It therefore serves as the starting
point for our mathematical discussion of equilibrium thermodynamics. The Gibbs

free energy (J) is denoted by
G=G(T,p,ny,...,n,), (1.1)

and it is a function of the state variables T', p,nq, ..., n,. The reader can imagine that,
for a given multicomponent system, the functional dependence of G on these variables
is known; it differs depending on the system at hand. Of course, exact knowledge of G
is scarcely possible in practice. In any real-world mixture, the functional dependence
of G on T,p,ny,...,n, can at best only be known approximately, either through
analytical formulae derived from physical idealisations, or through phenomenological
laws based on experimental measurements. Fortunately, the extent to which G is
actually known is rarely important in practice, since it usually suffices to work with

formulae for quantities which are derived from G. Let us now give examples of



such quantities. The most crucial property of G is that it satisfies a fundamental

thermodynamic relation, phrased in terms of differentials,

dG = —SdT +Vdp+ > pidn. (1.2)
i=1
Here, S is the entropy of the system, V' is its volume, and p; is the chemical potential
of species i € {1 : n}. Hence from eq. (1.2) we can identify the relationships
oG oG - 0G
or' " op T ony

and these are all functions of T, p,n4,...,n,>. Note that whenever we differentiate

S = —

(1.3)

G, we implicitly assume that it is smooth enough for all relevant derivatives to exist.

Much of the mathematical structure of equilibrium thermodynamics comes from
the fact that physical quantities of interest are often either extensive or intensive, as
alluded to already. Suppose Q = Q(T,p,n1,...,n,) is a physical quantity which can
be expressed as a function of the state variables T',p,nq,...,n,. We say that @ is

extensive if

Q(T,p, Any, ..., n,) = XQ(T,p,nq,...,n,) forall X>0. (1.4)
Similarly, we say that ¢ = ¢(T,p,n,...,n,) is intensive if
q(T,p,Any, ..., n,) =q(T,p,ny,...,n,) foral X>0. (1.5)

Physically, an extensive quantity is one whose value doubles when the size of the
system doubles, while an intensive quantity is one whose value is independent of the
size of the system. In particular, as already mentioned both 7" and p are intensive,
whereas n; is extensive for each i € {1 : n}.

Two basic but important extensive quantities are the total mass My and total

number of moles nr of the system. We denote these by
My = mei and np = an (1.6)
i=1 i=1

We make the customary assumption that G is extensive®. Moreover, one verifies that

if @) is extensive then so are g—g and %—?. Hence by eq. (1.3), both S and V are

2The reader might find it surprising or unintuitive that the volume V of the system can be
expressed as a function of T',p,nq,...,n,. One way of developing an intuition for this fact is to
consider the special case of an ideal gaseous mixture. Such mixtures satisfy the ideal gas law
pV = npRT where np = -, n; is the total number of moles and R is the gas constant. Hence in
this special case one has a simple explicit formula for V' as a function of T',p,n1,...,n,.

3This assumption is ubiquitous in classical thermodynamics and it holds in most systems of
practical interest. There are, however, pathological systems in which it can fail to hold [111].



extensive, matching physical intuition. Other extensive quantites we shall encounter
are the internal energy FEi,, enthalpy H and heat capacity at constant pressure C):
oOH 05
— =T—.
oT oT
Intensive quantities are usually derived in two ways. The first way is to take a

B =G+TS—pV, H=G+TS, C,= (1.7)

ratio of extensive quantities. In particular, if ) is extensive, then @)/V denotes the
amount of () per unit volume (sometimes the word volumetric is used) while Q /My
denotes the amount of () per unit mass (sometimes the word specific is used) and
@ /nr denotes the amount of () per unit molar content (sometimes the word molar is
used). Hence for example G/V is called the volumetric Gibbs free energy while G /Mr
is called the specific Gibbs free energy and G /nr the molar Gibbs free energy. Other
examples of quantities formed in this way include the (mass) density p = My /V
and the molarity or total (molar) concentration ¢y = nr/V. The density reciprocal
is U = 1/p = V/Myp which we identify as the specific volume. Finally, the (molar)
concentrations of the species are given by ¢; = n;/V and the (mass) densities of the
species are p; = m;c; = m;n;/V. These quantities appear ubiquitously in the chapters
to follow.

The second (and more interesting) way of producing an intensive quantity from
a given extensive quantity () is to differentiate it with respect to n;. We call such

properties the partial molar properties derived from (), and we denote them by

Q; = gg, i € {l:n}. (1.8)

Hence from eq. (1.3) we see that the chemical potential of species ¢ is nothing more

than the partial molar Gibbs free energy, which is to say that

Other partial molar properties that we shall encounter in this work are the partial
molar volumes, entropies, enthalpies and heat capacities, respectively denoted by:
ov. —~ 0SS — O0H oC,

) SZ = ) HZ = A = p'

Since partial derivatives commute (always assuming sufficient smoothness), one can

Vi:

Cp (1.10)

readily derive many relationships between partial molar properties. These are referred

to as Maxwell relations. Two important examples of Maxwell relations are

- O

Vi = o’ (1.11a)
o _ Opi

Si=—5r (1.11b)



and these hold owing to egs. (1.3), (1.9), and (1.10).
Euler’s homogenous function theorem implies that every extensive quantity @) is

intimately related to its partial molar properties Q; by means of
Q= Zm@ (1.12)
i=1

The Euler relation eq. (1.12) can be recast purely in terms of intensive quantities, if
one divides the equation by an extensive quantity. For example, taking () to be the

volume V in eq. (1.12) and dividing by the total number of moles nr yields

1 "
—=>"xV, (1.13)
cr 5
=1
where x; := n;/ny = ¢;/er denotes the mole fraction of species i. Notice that

> or,x; = 1 by definition. We refer to eq. (1.13) as a volumetric equation of state,
since it expresses the total concentration c¢r in terms of the intensive quantities x;
and V;. To give a concrete example, in an ideal gaseous mixture it holds that V; = %
where R is the gas constant. Since > .  x; = 1 one then verifies that eq. (1.13)

reduces to £ = &L
”T p

, which is equivalent to the familiar ideal gas law pV = nyRT.
The Euler relation eq. (1.12) is also important because it leads to a constraint on
the partial molar properties @Q;, which we refer to as a Gibbs—Duhem relation. The

Gibbs—Duhem relation is derived by taking a total differential of eq. (1.12), i.e

szd(im@) (1.14)

Since Q = Q(T,p,n1,...,n,), the left-hand side of eq. (1.14) can be evaluated using

the chain rule,

Q 0Q

dQ = i——dT+—d +Zdenl, (1.15)

while the right-hand side of eq. (1.14) can be evaluated using the product rule

(anQ ) Z (@dnijtni d@z> (1.16)

=1

Equating egs. (1.15) and (1.16) and cancelling terms yields

0
ag dT+a—de Zn,dQ“ (1.17)



which is the Gibbs—Duhem relation. Similar to eq. (1.12), this relation can be ex-
pressed in terms of intensive quantities only, by dividing by an extensive quantity.
The most common form of eq. (1.17) that we encounter in this work is obtained by

taking (Q = G and dividing by the volume V. This results in

n

—sydT +dp = Zci dp;, (1.18)
i=1
where sy = S/V is the volumetric entropy. The Gibbs-Duhem relation eq. (1.18)
will be crucial in section 1.5 when we consider the forces that drive mass diffusion in
non-equilibrium systems.

Several more general remarks on eq. (1.17) are in order. First, an implication of
eq. (1.17) is that the n+2 intensive quantities T, p, Q1, . . . , @, are not all independent,
since their infinitesimal changes must be related by eq. (1.17). This is a manifestation
of a more general phenomenon known as the Gibbs phase rule, which in our present
setting states that intensive quantities depend on at most n + 1 independent degrees

of freedom. Indeed, if ¢ = ¢(T,p,n4,...,n,) is intensive, then we in fact have:

QZQ<T7p7x17"'7xn>7 (119)

by taking A = 1/nr in eq. (1.5) and recalling that the mole fractions are defined by
z; = n;/ny = ¢;/ep. Since Y x; = 1, only n + 1 of the variables T',p, z1,...,z,
in eq. (1.19) are independent. The most important consequence of eq. (1.19) is
that intensive quantities can be viewed as functions of T, p,xq,...,x, instead of
T,p,ni,...,n,. Adopting this viewpoint is convenient since the variables T, p, 1, ..., z,
are all intensive. To emphasise this point and avoid any possible confusion, we stress
that throughout this work (and in much of the literature) intensive quantities are by
default viewed as being functions of T, p, x4, ..., x, and not T, p,nq,...,n,. The de-
fault state variables we work with for intensive quantities are T, p, x1,...,x,.
The word composition is often used to refer to the values of the mole fractions
T1yeo, Xy,

We now discuss how the Gibbs free energy GG can be modelled for various mul-
ticomponent systems. Since G can be recovered from the chemical potentials by an
Euler relation (recall eq. (1.12)),

G = Zni,ui; (1.20)
i=1

we see that it suffices to describe how each p; varies as a function of T',p, x4, ..., x,.

It is, however, worth mentioning that this functional dependence cannot be chosen



entirely arbitrarily. For instance, if we temporarily revert to viewing u; as a function

of T,p,nq,...,n, then by a Maxwell relation it must hold that gf:;’_ = ginz. More
generally, if 7" and p are held fixed, then the vector field i : (0,00)" — R" defined
by fi(ni,...,n,) = ui(T,p,ni,...,n,) must be conservative (its scalar potential

is the Gibbs free energy). Physical considerations place further restrictions on the
functional form of the chemical potentials. For example, it is possible to have a
negative partial molar volume V; = %‘;j (e.g. dilute magnesium sulfate in water) but
the total volume V' = >"" | n,;V; must always be positive. Thermodynamic stability
places further convexity requirements on various quantities derived from the Gibbs
free energy, although such requirements are never utilised in this work.

The conceptually simplest multicomponent system is that of an ideal gaseous

mixzture. Here, the chemical potentials p; for ¢ € {1 : n} are given by the formulae

where pf(T') is some function of 7" alone, which must be specified. Sometimes in the

literature eq. (1.21) is expressed in the equivalent but seemingly more complex form
,LL,L'(T,p, Ty 7xn) = MZ@(T’ p@) + RTII](SCZp/pQ), (122>

where p® is a fixed reference pressure and pu$ (T, p®) a reference chemical potential.
Comparing eqs. (1.21) and (1.22), we see that u}(T) = uf (T, p®) — RT In(p®). The
advantage of using eq. (1.22) is that u$ (T, p®) then represents, by construction, the
molar Gibbs free energy for pure species i (e.g. at 2; = 1) at pressure p = p®. Thus
ws (T, p°) is a quantity whose T' dependence is readily connected to experiment.
One verifies from eq. (1.21) that the partial molar volumes in an ideal gaseous

mixture are independent of composition (i.e. mole fractions), and are given by

v dm _ BT
Op P

: (1.23)

whence from eq. (1.13) we recover the ideal gas law pV = nyRT. Since z; = ¢;/cr,

and ¢ = p/RT by the ideal gas law, it is common to see eq. (1.22) expressed as
wi = pe (T, p°) + RT In(¢; RT /p®), (1.24)

although caution should be applied when interpreting this equation®.

1Based on eq. (1.24), it is tempting to believe that T, c1,...,c, can be used as state variables
instead of T',p, x1,...,x,. This is indeed true for ideal gaseous mixtures, but we caution that it is
not true in general. In particular, for mixtures that are incompressible in the sense that the volume
V is independent of p, one can show that T, cy,...,c, are not all independent, and that there is no
way of recovering p from knowledge of T, ¢y, ..., cy,.



To gain insight into how pf(7") might be modelled, we note that by a Maxwell

relation the partial molar heat capacities are given by

~ 9 O
C,; =-T = — L.
P oT? oT?

(1.25)

This shows that for an ideal gaseous mixture, the partial molar heat capacities are
functions of T" alone. In many gases it is reasonable to approximate the partial molar
heat capacities as being constant. In this case we say that the ideal gaseous mixture

is calorically perfect. One can then recover p;(7T) from eq. (1.25) by integration:
p;(T) = CpiT(A; —InT) + B, (1.26)

where A; and B; are constants of integration. When chemical reactions do not need to
be modelled, as will be the case throughout this work, the values of A; and B; can be
chosen arbitrarily®. Taking A; = B; = 0 therefore yields, for chemically non-reacting,

calorically perfect ideal gaseous mixtures, that:
wi(T,p, a1, .. 2,) = —C, T InT + RT In(z;p). (1.27)

From eq. (1.27) one can recover other quantities of interest. For example, the molar

entropy density is found using the Euler relation eq. (1.12) and a Maxwell relation,

S/nr = r;S; = — ri— = —R rilnx; + (1 +InT 2;C 4. 1.28
D D P
The first term —R > | x; Inz; is sometimes referred to as the ideal entropy of mizing,
and incidentally, it bears a striking resemblance to notions of entropy in other fields
such as information theory. This concludes our discussion of ideal gaseous mixtures.
We now move on to discussing how liquid mixtures can be modelled. A liquid

mixture is said to be ideal if its chemical potentials are of the form
wi(T,p, a1, .. xn) = (T, p) + RT Inx;, (1.29)

with pd(7T,p) some function of (T,p) alone. By definition u)(7),p) represents the
molar Gibbs free energy of pure species i (e.g. at z; = 1) at temperature 7" and
pressure p. Comparing egs. (1.21) and (1.29) we see that at fixed temperature and
pressure, the Gibbs free energies of ideal gases and liquids have the same dependence

on composition, i.e. they share the same ideal Gibbs free energy of mixing. What

SDifferences between species chemical potentials are the driving force for chemical reactions.
Hence, when chemical reactions must be modelled, one must take care in properly choosing A; and
B;.
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differs between the two is how their free energies depend on pressure. This is made
precise by introducing the isothermal compressibility a7, which quantifies volumetric

changes due to pressure,

ar = —%%—‘; (1.30)
The reciprocal of ar is also known as the isothermal bulk modulus. Ideal gases are
compressible; at a fixed temperature and molar content the volume of an ideal gas is
inversely proportional to its pressure, and one has ar = %. By contrast, in liquids it is
often appropriate to make an incompressibility assumption ar = 0, which is equiva-
lent to asserting that V' is independent of p. It follows that the partial molar volumes
V; are also independent of p. Moreover, differentiation of eq. (1.29) with respect to p
shows that V; is independent of x1, ..., z,. Hence, in an ideal incompressible liquid
mixture, the partial molar volumes V; are functions of T only. The extent to which
V; depends on T then apparently quantifies the effect of thermal expansion in the
mixture. When this effect can be neglected it is expedient to approximate the partial
molar volumes as being constants®. The word quasi-incompressible has been used
in the literature to refer to mixtures with constant partial molar volumes [24, 41].

Altogether, in a chemically non-reacting ideal liquid mixture where the partial molar

volumes and heat capacities are approximated as being constant, one has:
wi(Top, a1, .. 2,) = —C,; TInT + Vip+ RT Inx;. (1.31)

While eq. (1.31) is based on numerous physical idealisations that will at best hold
only approximately in real liquids, its simplicity makes it a useful starting point for
more complicated models.

In many multicomponent systems of practical interest, thermodynamic ideality is
a poor approximation. This is the case, for example, when modelling concentrated
electrolytes, which is our focus in chapter 3. Thermodynamically non-ideal mixtures
can be modelled through the introduction of excess properties. An excess property
is defined to be the difference between the true property value of the mixture, and
what the property value would be if the mixture were ideal. In particular, the excess

chemical potentials uF satisfy the relation
wi(T,p, 1, .. wy) = pud(T,p) + RT Ina; + pf (T, p, w1, ..., 7). (1.32)

Note that by construction pf = 0 when z; = 1 (i.e. at pure species i), since ! is

by definition the true chemical potential at pure species i. For liquid mixtures it is

SInterestingly, it has recently been argued that for any mixture with ap = 0, thermodynamic
consistency requires the partial molar volumes to be constant [20].
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common to neglect the pressure dependence of xf. Under this approximation, at a
fixed temperature, X becomes a function of composition only.
A simple model for the excess chemical potentials in the case of a binary mixture

(i.e. n = 2 species) is the Margules model [60], wherein

[L]fj == RTQ?% |:A12 + 2(A21 - A12).Z'1:|, (133)
/LQE = RTI’% [A21 + 2(1412 — Agl)l’g}, (134)

where Aqo, A9 are parameters that may depend on 7" and can be obtained by fitting
experimental data. Many other models for excess chemical potentials exist, such as
the equations of Van Laar or Wilson [60]. We will not delve into these here, as the
numerical methods devised in this thesis are agnostic to what model is employed. Our
numerical scheme in chapter 2 assumes that the functional relation for the chemical
potentials is known, but it is not required to take any particular form. Our numer-
ical scheme in chapter 3 does not even require one to have an explicit relation for
the chemical potentials; all that is required is knowledge of the so-called thermody-
namic factors, which are the partial derivatives of chemical potentials with respect to
composition. This is convenient in electrolytic systems where it is often the thermo-
dynamic factors and not the chemical potentials that are directly measurable through

experiment.

1.3 Mole-based and mass-based formulations of equi-
librium thermodynamics

Our formulation of equilibrium thermodynamics in section 1.2 is mole-based, since
we employ nq,...,n, as the fundamental variables that characterise the amount of
each species present. An entirely equivalent formulation can be obtained by using the
species masses M; = m;n; (kg) as fundamental variables instead. Mole-based formu-
lations are convenient for several reasons: the equations for ideal mixtures are based
on mole fractions; stoichiometry is often conducted in terms of moles. Throughout
this thesis we largely stick to the mole-based formulation. However, mass is arguably
a more physically tangible notion than that of moles, since one can easily measure the
mass of a given object, but measuring its molar content requires precise knowledge of
its chemical composition. Moreover, in the literature one often encounters mass-based
formulations. The purpose of this section is to give the reader a brief idea of how the

two formulations can be interchanged with sufficient bookkeeping.
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In the mass-based formulation, an extensive quantity () is viewed as a function

Q=Q(T,p, My,...,M,). (1.35)

Composition in the mass-based formulation is naturally described using species mass
fractions, w; := M; /My, where we recall that My = > M; is the total mass. In

analogy to eq. (1.19), an intensive quantity ¢ can be viewed as a function

QZQ(T7p7w17"-7wn)' (136)
Partial specific properties Q; are the analogue of partial molar properties (cf. eq. (1.8)):

s 0Q

Q; = oL i€ {l:n}. (1.37)

One verifies that m;Q; = Q;. The analogue of the Euler relation eq. (1.12) is:
=> MQ;. (1.38)
i=1

Hence, for example, the analogue of the volumetric equation of state eq. (1.13) is:

- sz A (1.39)

where p is the density. The analogue of the Gibbs-Duhem relation eq. (1.17) is

Q)
a—TdTJr—d ZM dQ;”. (1.40)

In particular, the analogue of the Gibbs-Duhem relation for G (recall eq. (1.18)) is

—sydT'+dp = Zpi dps, (1.41)
i=1
recalling that p; = m;c; = M;/V is the density of species i, and uf := @s = p;/my is
the so-called mass-based (or specific) chemical potential of species i.
Finally, it is sometimes convenient to have formulae for converting between mole

fractions and mass fractions. One can verify that these are given by:

w,-/mi

> wi/my

m;x;

~n and x; =
ijlmj%

Ww; =

(1.42)
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1.4 Non-equilibrium thermodynamics of multicom-
ponent systems

Most applications of multicomponent flows involve systems that are out of thermo-
dynamic equilibrium. The purpose of this section, and also sections 1.5 and 1.6, is to
present an overview of the relevant partial differential equations that we employ to
model such systems, and to provide physical insight along the way.

Consider a mixture of n > 2 species that is out of thermodynamic equilibrium,
in d € {2,3} spatial dimensions. Our forthcoming treatment is based on three foun-
dational assumptions. The first is the traditional continuum assumption, which is
foundational in the theory of continuum mechanics. This assumption states that the
microscopic state of the mixture (i.e. the state of its individual constituent molecules)
does not need to be accounted for, and it instead suffices to work with macroscop-
ically averaged quantities which can be treated as continuous fields. Consequently,
our forthcoming models are posed as partial differential equations (PDEs) on R<.

Our second foundational assumption is that of local thermodynamic equilibrium.
This postulates that every infinitesimal control volume in the mixture is locally in a
state of thermodynamic equilibrium, even if this is not true globally. Hence intensive
quantities may vary in space and time, but they must satisfy pointwise the relations
of equilibrium thermodynamics, such as eq. (1.13). Note that one cannot speak of the
value of extensive quantities at a point in space and time, but owing to the continuum
assumption this notion is entirely sensible for intensive quantities. For this reason
our governing PDEs only involve intensive quantities. Of course, extensive quantities
can still be useful when performing intermediate calculations, because they allow one
to derive relationships between intensive quantities such as eq. (1.13).

Our final foundational assumption, which shall be stated precisely in section 1.5,
is the linearity postulate. This states that the fluxes in the system are linearly related
to the so-called thermodynamic driving forces, which are, roughly speaking, gradients
of particular state variables. For dilute gases, it is possible to derive this assumption
from kinetic theory [56]. More generally, this assumption has been experimentally val-
idated in many thermodynamically non-ideal gases, liquids and electrolytic mixtures
(14, 78, 86].

We should mention that, while the three foundational assumptions above are
applicable in a plethora of scientific applications, they are by no means universally
true. When the continuum assumption or local thermodynamic equilibrium fails

to hold, one must resort to microscopic theories, such as statistical mechanics [61],
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kinetic theory [56], or rarefied gas dynamics [73]. In systems at mesoscopic scales,
i.e. scales between the microscopic and macroscopic, one can still utilise the continuum
assumption and local thermodynamic equilibrium, but microscopic effects must be
accounted for using tools such as stochastic models [8, 39]. Finally, in systems that
are far from thermodynamic equilibrium, the linearity postulate may be inaccurate;
here, one can resort to nonlinear theories, such as GENERIC [91].

Our three foundational assumptions lay the groundwork for the classical theory
of non-equilibrium thermodynamics”[14, 34, 59]. The starting point in this theory are
equations of continuity for mass, momentum and energy, which we now outline. The
species molar concentrations are postulated to satisfy the equations of mass continuity

de;
ot

which defines the wvelocity v; of species i. The product ¢;v; represents the molar flux

+V-(cv)=0 Vie{l:n}, (1.43)

of species i. Note that we have omitted reaction terms in eq. (1.43), since we do not
model chemical reactions in this work. It is also worth keeping in mind that, although
eq. (1.43) provides an evolution law for the concentrations, because we are assuming
local thermodynamic equilibrium, the concentrations are still constrained to satisfy
pointwise the relationships of equilibrium thermodynamics, such as the volumetric
equation of state eq. (1.13). These algebraic constraints can lead to challenges when
certain boundary conditions are imposed, as discussed in chapter 3 and appendix A.1.

The barycentric (or mass-average) velocity of the mixture is defined as

v = Zwivi, (1.44)
i=1

recalling that w; = m;c;/p are the mass-fractions and p = >"" | m,¢; is the density.
The definition eq. (1.44) is natural because it implies that the density p satisfies the
total mass continuity equation

dp B
a5 + V- (pv) =0, (1.45)

as verified by multiplying eq. (1.43) by m; and summing over i € {1 : n}. We
refer to eq. (1.44) as the mass-average constraint, since special care will be taken to
incorporate this constraint into our numerical schemes. The barycentric velocity can

also be used to define the traditional material derivative operator

D 0

"Sometimes also called linear irreversible thermodynamics.
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which will be used occasionally in this chapter.

Momentum continuity is expressed by the traditional Cauchy momentum equation

%?"‘V'(,OU@U)—V'O—:O, (1.47)

where o is the stress tensor, which is assumed to be symmetric. To discuss energetics,

note that the specific total energy ey is given by

1
Crot = §(v V) + ing, (1.48)

where %(v -v) is the specific kinetic energy, and e;,; = FEiy/Mr is the specific internal

energy (recall eq. (1.7)). The energy continuity equation is given by

a(petOt)
ot

where J, is the heat fluz. The V - (peitv) term represents energy convected by

+ V- (petorv) =V - (ov) + V- J, =0, (1.49)

v, while V - (ov) represents mechanical work, and V - J, represents heat transfer.
Equation (1.49) can be viewed as defining J,.
In summary, the crucial continuity equations (or balance laws) of non-equilibrium

thermodynamics that we consider here are:

%iz + V- (cu)=0 Vie{l:n}, (1.50a)
(‘9(8th) +V.-(pr®v)—-V-0=0, (1.50b)

d(peto
(%ett J + V- (petorv) — V- (ov) + V- J, = 0. (1.50¢)

Note that in the forthcoming chapters, we will sometimes allow for source terms to
be present on the right-hand sides of egs. (1.50a) to (1.50c). However, we do not
consider source terms here, since this would unnecessarily obfuscate our forthcoming
derivation of the entropy balance in section 1.5.

It is worth noting that we have written eq. (1.50a) without explicitly including a

convective term, but this is purely a matter of taste. One can define

vl i=v—wv; Vi€ {l:n}, (1.51)

7

the so-called diffusive velocity of species i, so that eq. (1.50a) becomes

0 C;
ot

Diffusive velocities (and fluxes) can be convenient to work with and are often used in

+ V- (cv) + V- (evd) =0, (1.52)

the literature, although we mainly use species velocities in this work.
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We close this section by noting that eq. (1.45) yields an equation for V - v,
V-v=p—r0. (1.53)

Recall that ¥ = 1/p = V// My is the specific volume; it is therefore a function of T,p
and the mass-fractions wy, ...,w, (recall section 1.3). Hence, one can expand by

means of the chain rule. This ultimately leads to the insightful relation

DT Dp —s Dw;
Vv=ap——ar— 5 Vii—— 1.54
VTN T My +p$,1 Dt (1.54)
where ay, := -9 is a thermal expansion coefficient, o is the isothermal compressibil-

ity (recall eq. (1.30)), and V;” is a partial specific volume (recall section 1.3). Equation
(1.54) shows that for multicomponent systems, even in isothermal and isobaric con-
ditions, it generally does not hold that V - v = 0, except in the exceptional case that
the partial specific volumes V; are all equal (e.g. an ideal gaseous mixture where all

species have the same molar mass).

1.5 Derivation of Onsager—Stefan—Maxwell consti-
tutive laws

The continuity equations eq. (1.50) are not closed, since we have not specified what
o,Jg or vy, ..., v, are. This must be done by constitutive laws. Non-equilibrium ther-
modynamics provides a framework for developing such laws. The general philosophy
is to derive an equation for the entropy balance, and then select constitutive laws
that are consistent with the second law of thermodynamics (i.e. that entropy must be
non-decreasing) [81], among other requirements such as Onsager reciprocal relations
(88, 89]. For completeness, this section briefly outlines the key arguments and pos-
tulates that are invoked in this process. If desired, the reader may skip the following
derivation and go directly to section 1.6, where the constitutive laws that we employ
throughout this thesis are summarised.
Using egs. (1.2) and (1.7), one verifies that the specific internal energy e, satisfies
n
dej :Tds—pd\I’—i—Zﬁdwi, (1.55)
i=1 "
where s = S/My is the specific entropy and ¥ = V/Mrp is the specific volume.

Rearranging for p ds, and replacing the total differentials d(-) with material derivatives
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L(-), one then finds

Ppi =T

+pp—r — (1.56)

Dt Dt~ Z=m,” Dt

Ds 1{ Dewi DU < i Dwz}
p — .

The various material derivatives on the right-hand side of eq. (1.56) can be computed

using eqgs. (1.43) to (1.49). In particular one can verify that

D in
p ;tt =0:Vo—-V-J, (1.57a)
DV
Duw;
p Du; = -V - (miciv?). (1.57¢)

In eq. (1.57a), : denotes tensor contraction. One then substitutes eq. (1.57) into
eq. (1.56). Applying several manipulations (see [34] for more details) involving the
vector calculus product rule, the relation H; = ju; +1'S; (recall egs. (1.7) and (1.10)),
and the Gibbs—Duhem relation eq. (1.18), one eventually can show that the entropy
continuity equation is of the form

Ds
V- J = gs 1.
P Di Js = gs (1.58)

where J; is the entropy flux, and gg is the rate of entropy generation. Before we state

the formulae for these, let us note that eq. (1.58) can equivalently be written as

0
—g;) + V- (psv) + V- Js = gs, (1.59)

since this is in a form more harmonious with the other continuity equations eq. (1.50).

To express the entropy flux and rate of entropy generation it is customary to
introduce an irreversible heat flur J;. This quantifies the amount of heat flow that
does not arise due to diffusion, by subtracting from J, the enthalpy carried by the

diffusive velocities:

Jy = Jg — ZECZ'U?. (1.60)
i=1
Expressed in terms of the irreversible heat flux, the entropy flux works out to be
J! “
— G
Jo= o+ z_; S;ed, (1.61)
while the entropy production function gg works out to be
1 n
gS:T{e(v): (p]l—ka)—VlnT-J;qLZdi-v;j}. (1.62)
i=1
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Here €(v) is the symmetric gradient of v, I is the d x d identity matrix, and ds, . .., d,

are the so-called diffusion driving forces,
di = —c;V; — c;S;VT +w;Vp Vie {1:n}. (1.63)

The diffusion driving forces sum to zero, which can be viewed as a statement of
Newton’s third law. To see this, note that by an Euler relation Z?:l ¢;S; = sy where
sy = S/V is the volumetric entropy. Moreover, the mass fractions satisfy .  w; =1

by definition. Hence summation of eq. (1.63) yields

Y di=-> Vi —syVT +Vp =0, (1.64)
i=1 i=1
where the second equality holds due to the Gibbs-Duhem relation eq. (1.18). Since
>on,di = 0, the entropy production eq. (1.62) can equivalently be written using

species velocities v; = v + v instead of diffusive velocities v¢. In particular, one has

1

gs = ?{e(v) : (p]I—i—o) — VlnT-J; +Zldi : Ui}- (1.65)

To compactly write the entropy production we introduce the viscous stress,
T:=pl+o. (1.66)

Moreover, in non-equilibrium thermodynamics, heat transport and diffusion are cou-
pled processes; we discuss this in more detail later. Following [113], it shall be nota-

tionally expedient to introduce a thermal driving force dy and thermal velocity vy,

do := —c,y VT = —1 1.67
0 Cpy V4L, Vo T’ ( )
where ¢, := C,/V is the volumetric heat capacity, included in eq. (1.67) for dimen-

sional consistency. The entropy production can now be written compactly as

gs = %{E(U) ST+ idi . Uz}, (1.68)

which involves a sum of products of so-called “fluxes” 7,vy,...,v, and conjugate
“forces” €(v),dy,...,d,. Recall that our original goal was to derive a constitute law
for o, J, and vy,...,v,. This will be accomplished if we can establish an invertible
relationship between the fluxes 7, vy, ..., v, and forces €(v), dy,...,d,. Doing this is

the next step in the programme of non-equilibrium thermodynamics.
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The theory of linear non-equilibrium thermodynamics now proceeds by invoking
the linearity postulate, which states that the fluxes and forces are related by a linear
transformation. Further considerations constrain the precise form of the transfor-
mation. Firstly, the Curie principle states that fluxes and forces whose tensorial

order differs by an odd number cannot be coupled. Hence, in the present setting,

coupling only occurs between 7 and €(v) (second order tensors), and (v, ..., v,) and
(do,...,d,) (first order tensors). The linear coupling between 7 and €(v) can be
expressed as
7= te(v) (1.69)
where &7 : ngxrg — R‘siyxn‘f is the compliance tensor. The linear coupling between
(vo, ... ,v,) and (do,...,d,) can be expressed as
di = ZSDTUUJ- Vi € {O . n}, (170)
=0

where 9t is an (n + 1) X (n + 1) thermodiffusion transport matriz. Note that o
and T generally depend on the state variables (T, p,z1,...,x,), but the linearity
postulate requires that they are independent of the fluxes and forces.

Further physical insight places additional structure on &/ and 9t. Regarding o7,
standard arguments from continuum fluid mechanics can be used to recover the usual
Newtonian fluid law. In particular, if we assume an isotropic fluid, then .7 ~! can be
expressed in terms of only two independent transport coefficients, the shear viscosity

n and bulk viscosity (. In particular, the relation eq. (1.69) becomes

7= 2ne(v) + (¢ — 2n/d) tr(e(v))L. (1.71)

Regarding 901, it is clear from eq. (1.70) that the entries 9%;; could potentially be
d x d matrices. However, in an isotropic fluid the only possibility is that the 2;; are
scalars. Moreover, on the basis of microscopic time-reversibility, Onsager made the
deep and non-trivial observation that 99T must be symmetric, i.e. 9;; = M;;. This

is known as an Onsager reciprocal relation [88, 89]. Insertion of the constitutive laws
egs. (1.70) and (1.71) into eq. (1.68) then yields

1

05 = 2 {(E0) s W) TP+ Y Mg}, 0T

1,7=0

where €’(v) := e(v) — 2V - v denotes the traceless part of €(v).
The second law of thermodynamics is implemented in traditional non-equilibrium

thermodynamics by postulating that gs > 0 must hold pointwise everywhere. Under
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the additional physically reasonable assumption that €(v),V - v and vy, ..., v, can
all in principle be varied independently, it is then clear from eq. (1.72) that n and ¢
must be non-negative, and that 91;; must be positive-semidefinite. Onsager further

argued [90] that the matrix 99T must be singular, with
=0

where [ € R"™ is the vector whose entries are l[p = 0 and I; = 1 for i € {1 : n}. This
implies that ZZFO v; - M;v; = 0 whenever vg = 0 and v; = v for all i € {1 : n},
i.e. there is no entropy production due to thermodiffusion whenever the heat flux is
zero and there is no relative motion between the species. Finally, and to conclude, it is
postulated that the entropy production must be strictly positive whenever the system
is out of equilibrium. Once again, under the assumption that ¢®(v), V-v and vy, . . . , vy,
can all in principle be varied independently, this implies that n and ¢ must be strictly
positive, and that 99t must be strictly positive-definite on the orthogonal complement
of [. Hence M is an (n + 1) x (n + 1) symmetric positive-semidefinite matrix, with
exactly one zero eigenvalue; its remaining eigenvalues are strictly positive, and the
rank of 9t is® n.

1.6 Summary of Onsager—Stefan—Maxwell consti-
tutive laws

The constitutive laws derived in the previous section close the continuity equations

eq. (1.50). For convenience, we summarise the constitutive laws as follows:

7 =2ne(v) + (¢ — 2n/d) tr(e(v))I, (1.74)

We recall what all of these quantities are. Regarding eq. (1.74), the viscous stress
is 7 = pl 4+ o, where p is the pressure, I is the d x d identity matrix, ¢ is the total
stress (recall eq. (1.47)), and €(v) is the symmetric gradient of v. The shear and bulk
viscosities are n and ( respectively; these are strictly positive and can be functions

of T,p,x1,...,x,. Regarding eq. (1.75), for i € {1 : n}, the species velocities v; and

8In fact, if some of the species concentrations vanish, i.e. ¢; = 0 for some 1, it is possible for the
rank of 9T to be less than n. However, in this work we always consider the case of strictly positive
species concentrations.

21



diffusion driving forces d; were defined in eq. (1.43) and eq. (1.63). To define these
for © = 0 we introduced the thermal velocity vy, irreversible heat flux Jé and thermal

driving force d,

J! L
v = — Jy=Jg— Z Hicv?,  dy = —c,vVT. (1.76)
cpvT i=1

In eq. (1.76), we further recall that ¢, := C,/V is the volumetric heat capacity, .J, is
the heat flux (recall eq. (1.49)), the H; are partial molar enthalpies (recall eq. (1.10)),
and the v¢ are diffusive velocities (recall eq. (1.52)). Finally, 9t is an (n+1) x (n+1)
thermodiffusion transport matriz, which is symmetric positive-semidefinite with rank
n and nullspace given by eq. (1.73). The entries of 9t are functions of T, p, z1, . .., T,,.

Several comments on the constitutive laws are in order. Regarding the Newtonian
fluid law eq. (1.74), it should be emphasised that the viscosities in general will not
be constant, a possibility that we explore in the simulations of chapter 3. Moreover,
since tr(e(v)) = V - v is generally non-zero (recall eq. (1.54)), the bulk viscosity ¢
does generally contribute to the viscous stress, although for the mixtures considered
in this work its contribution will typically be small compared to that of 7.

Regarding eq. (1.75), the most urgent matter is to verify that this law actually
uniquely determines the velocities vy, ..., v,. This can be seen as follows. First, since
M is symmetric, its range is the orthogonal complement of its nullspace. However,
the nullspace of 91 is one-dimensional and spanned by [ € R*™! where [y = 0 and
l; = 1 for i € {1 : n} (recall eq. (1.73)). Hence, the linear system eq. (1.75) is
consistent if and only if > "  I;d; = 0. This condition is indeed satisfied, owing to
the form of [ and the Gibbs—Duhem relation eq. (1.64). Thus eq. (1.75) can be solved
non-uniquely for vy, ..., v,, but it leaves the species velocities vy, . . . , v, undetermined
up to common shifts of the form v; — v; + v’ for i € {1 : n}. This indeterminacy
is removed, however, by additionally imposing that the species velocities satisfy the
mass-average constraint eq. (1.44). From this perspective it is actually beneficial that
M is singular, since this ensures that the species velocities are always compatible
with total mass continuity eq. (1.45). This property does not generally hold for more
naive diffusion models such as those given by Fick’s law.

To conclude, it is worth mentioning that in the literature, the constitutive law
eq. (1.75) is often expressed in numerous ways that are not obviously equivalent [113].

We wish to draw particular attention to the so-called generalised Stefan—Maxwell
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equations, which can be written as [14]

"\ RTcic; ( DI Dj "~ RTc;c;
d; — =L — L | VInT = (v —vf) Vie{l:n}. (1.77)
; Dijer (Pz‘ Pj) ]Z:; ijCT !

Here Z;; is a symmetric n X n matrix of so-called Stefan—Mazwell diffusivities; its
diagonal entries Z;; are undefined. The quantities D] are known as thermal diffusion

coefficients. The irreversible heat flux can also be expressed using these quantities by

n T

Ji=—kVT =" fleig (D—iT - &> vl (1.78)
= CT-@ij Pi Pj

where k is the thermal conductivity. The reciprocals of the diffusivities Z;; can be
thought of as drag coefficients which quantify strength of cross-diffusion between
species ¢ and j. A detailed exposition on the extent to which one can recover Fick’s
law (and more generally, Nernst—Planck laws) from eq. (1.77) was recently presented
in [99]. The thermal diffusion coefficients D! quantify coupling between the transport
of heat and mass. In particular, the terms involving DI on the left-hand side of
eq. (1.77) capture the Soret effect, where a temperature gradient can cause mass
diffusion [105]. The reverse effect is the Dufour effect, where concentration gradients
can cause heat transport [42], as captured by the terms involving DI in eq. (1.78).
When the diffusive fluxes v¢ vanish, eq. (1.78) reduces to the traditional Fourier’s
law of heat transport. Fourier’s law states that the heat flux is proportional to the
negative temperature gradient, with constant of proportionality given by k.

One can systematically derive egs. (1.77) and (1.78) from the kinetic theory of
dilute gases [56]. More generally, however, these equations are capable of modelling
multicomponent thermodiffusion in thermodynamically non-ideal gases, liquids and
electrolytic mixtures [14, 78, 79, 86]. Of crucial importance here, it is shown in [113]
that egs. (1.77) and (1.78) are equivalent to eq. (1.75), and it is possible to express
the entries of 9 in terms of Z;;, DI and k (see eq. (4.9) and the discussion there-
after). We therefore call (1.75) the Onsager—Stefan—Mazwell (OSM) equations, since
they cast the generalised Stefan-Maxwell equations within the Onsager framework
of irreversible thermodynamics. The numerical schemes developed in this thesis are
based on the OSM framework eq. (1.75), not only because of its compact form, but
also because the symmetric positive-semidefinite structure of 91 facilitates the proof
of well-posedness results.

Finally, we should mention that the transport coefficient values n,( and 20,
can be obtained in several ways. In dilute gases, they can be determined from mi-

croscopic properties of the mixture using kinetic theory [56]. Determination of the
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transport coefficients in more general mixtures can be challenging. This is especially
true when n is large, since there are O(n?) coefficients, and they can depend strongly
onT,p,xq,...,x,. Possible approaches are determination by experimental measure-
ments [123], through empirical correlations [123], or by computational methods such

as molecular dynamics [115].

1.7 Mixed finite element methods

The forthcoming chapters assume familiarity with the standard theory of mized finite
element methods. In particular, we assume familiarity with the theory of saddle point
problems in Hilbert spaces, in both the infinite and finite dimensional settings. We
also assume familiarity with the theory of mixed finite element methods for the in-
compressible Stokes equations, and for the mixed formulation of the Poisson equation.
We shall not summarise this material here, since excellent expositions can be found
in standard references, such as the textbook of Boffi, Brezzi and Fortin [18], and the
textbook of Ern and Guermond [49].

1.8 Overview and main contributions of this thesis

Chapters 2 to 4 of this thesis systematically derive and analyse finite element algo-
rithms for the governing equations egs. (1.50), (1.74), and (1.75), in situations of
increasing complexity and generality.

Chapter 2 begins by focussing on the case of stationary and isothermal flow, in
the low Reynolds number regime where eq. (1.50b) reduces to the Stokes equations.
In particular we derive, for the first time, high-order finite element discretisations for
these equations that are applicable to non-ideal mixtures, and are straightforward to
implement in two and three spatial dimensions. Several non-trivial steps are taken
to accomplish this, including: the identification of an appropriate weak formulation
of the governing equations; identification of the need for integral constraints to ob-
tain unique solutions; and the efficient implementation of these constraints within
Newton’s method by means of the Woodbury identity. We also prove well-posedness
and quasi-optimality of our discretisations, in a suitable Picard linearised setting.
These discretisations form the basis for our extensions considered in the subsequent
chapters.

In chapter 3 we extend on the discretisations of chapter 2 to handle the case

of locally electroneutral mixtures of electrically charged species. This enables the
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simulation of multicomponent electrolyte flows. This chapter additionally extends
to the case of transient flow, and we allow for full Navier-Stokes flow in eq. (1.50b)
with non-constant viscosities. Because we do not make any simplifying assumptions
on the volumetric equation of state, a subtle interplay between the mass continuity
equations and boundary conditions arises in the transient setting. We identify and
address this issue for the first time. Altogether, these extensions enable the simulation
of electrolyte mixtures used in lithium-ion batteries, with material properties and
multicomponent transport coefficients that are obtained entirely from experimental
measurements, without making any idealisations.

Finally, chapter 4 extends further on chapter 3 by allowing for anisothermal flow.
As a result, we ultimately obtain a large class of finite element algorithms that are
capable of solving eqs. (1.50), (1.74), and (1.75) in full generality. We also show,
for the first time, that it is possible to construct algorithms in this setting that are

structure preserving in the sense of exact energy conservation and entropy dissipation.

25



Chapter 2

High-order finite element methods
for three-dimensional
multicomponent
convection-diffusion

This chapter is based on the paper [6].

2.1 Introduction

In this chapter we derive and analyse finite element methods for capturing two im-
portant physical phenomena in concentrated mixtures: bulk momentum transport
and cross-diffusion. There is much existing numerical literature that considers these
phenomena separately, but as we will presently discuss, very little numerical litera-
ture studies their coupling. We consider low Reynolds number flow and model bulk
momentum transport using the Stokes equations; these are well-studied and we refer
to [18, 49, 65] for expositions on finite element methods for these equations. The
discretisations we introduce in this chapter allow for any conforming inf-sup stable
finite element pair for the velocity-pressure formulation of the Stokes equations to
be used. Examples include the Taylor-Hood [109] or Scott—Vogelius [102] pairs, on
suitable meshes.

Finite element methods for the Onsager—Stefan-Maxwell (OSM) equations are
proposed and analysed in [21, 29, 70, 83, 112], but these works assume an isobaric
ideal gaseous mixture. The methods proposed in this chapter are similar to that of
[83], as we discretise the species mass fluxes in H(div). However, the formulation
herein is more general than [83], as we allow for the mixture to be non-ideal, in a

gaseous or condensed phase, non-isobaric, and we consider the coupling to the Stokes
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equations. In fact, the finite element literature that studies the coupling of the OSM
and Stokes (or Navier-Stokes) equations is sparse. The only works we know of are
[4, 24, 26, 80], but apart from [4, 24] these papers assume an ideal mixture, with
[26] considering gases, [4, 80] considering both gases and condensed phases, and [24]
considering mixtures satisfying a generalised incompressibility constraint. Notably, in
[4] the OSM equations are formulated and discretised in terms of the species chemical
potentials. This enables [4] to handle non-ideal mixtures, and we follow the same
approach in this chapter.

This chapter represents a substantial extension of [4]. We devise finite element
methods for the coupled Stokes and OSM (SOSM) equations, applicable to non-ideal
gases and condensed phases. To facilitate coupling of the Stokes and OSM equations,
the methods in [4] require divergence-conforming symmetric stress elements, i.e. ele-
ments discretizing H(div,S). Such elements are difficult to implement [3], limiting [4]
to two-dimensional low-order simulations. We circumvent this challenge and derive a
large class of high-order methods in two and three spatial dimensions. We do this by
reformulating the SOSM equations: in [4] the species velocities are discretised in L?,
while we instead discretise the species mass flures in H(div). The H(div)-regularity
of the mass fluxes enables coupling of the OSM and Stokes equations without having
to discretise the stress. This choice of variables also means that the chemical poten-
tials act as Lagrange multipliers for enforcing the species molar continuity equations,
which leads to the requirement that the discretised mass flux and chemical potential
spaces form stable H(div)-L? pairs. Such pairs are standard in finite element software
for mixed formulations of the Poisson problem; examples include the BDM,,-DGy,_;
22, 85] and RT,-DGy_; [96] pairs. Another benefit of our reformulation is that we
seek the chemical potentials and pressure in L?, whereas [4] seeks these unknowns in
a solution-dependent Sobolev space. This leads to a complicated requirement on the
discretisation (see [4, Assumption 4.2]) and it is not clear how to satisfy this require-
ment when using high-order spaces. Our formulation circumvents this challenge.

At a theoretical level, we analyse a Picard linearisation of the SOSM equations,
which adopts a GauB—Seidel approach by segregating the solution of the concentra-
tions from the chemical potentials and other variables. This linearisation, which
remarkably leads to a symmetric system, was introduced in [4], but the variational
formulation and discretisation studied here is different. We establish well-posedness
of our formulation of the linearised SOSM problem in the continuous and discrete
setting. We also show that, in this linearised setting, our finite element schemes are

quasi-optimal.
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The Picard iteration is convenient for analysis, but it can be slow to converge
to a root and for challenging problems may diverge altogether. Newton’s method
[35] provides an alternative, but it requires the solution of larger systems, as the
Gaufl—Seidel staggering is no longer possible. Newton’s method can converge to roots
quickly and robustly, but it brings several major challenges. Firstly, it is necessary
to preserve invariance of the discretisation with respect to additive constants in the
pressure space; doing so requires extra terms in the discretisation. We refer to these
as density consistency terms and we find that neglecting them prevents Newton’s
method from converging. Secondly, for well-posedness of the stationary nonlinear
SOSM problem it is necessary to impose constraints on the total number of moles of
the species. Constraints of this form have a clear physical interpretation and can be
found in the literature on stationary multicomponent flows (see e.g. [25, 57] and also
[50, 67]). Each constraint introduces a dense row in the Jacobian matrix; we solve this
efficiently using the Woodbury formula [62] on an auxiliary sparse Jacobian. Together,
these adaptations enable the efficient solution of the nonlinear SOSM equations with
Newton’s method for the first time. A disadvantage of our methods is that, for the
nonlinear SOSM problem, we empirically observe that the methods converge sub-
optimally in space by one order in the mesh size h. This seems to be due to terms
that arise from the coupling of the Stokes and OSM equations, and it is unclear how
to circumvent this behaviour.

The rest of this chapter is organised as follows. In section 2.2 we derive the
variational formulation of the Picard linearised SOSM problem and establish well-
posedness at the continuous level. In section 2.3 we derive the finite element methods
and establish (linearised) discrete well-posedness and quasi-optimality. In section 2.4
we outline how the discretisations can be used in conjunction with Newton’s method
to solve the nonlinear SOSM problem. Numerical experiments are given in section 2.5

and conclusions are drawn in section 2.6.

2.2 Continuous problem and Picard linearisation

Consider a stationary isothermal mixture of n > 2 distinct species in a common ther-
modynamic phase. We assume the spatial domain Q C R? (d € {2,3}) is bounded,

connected, and Lipschitz.
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2.2.1 Notation and governing equations

Associated to species i € {1 : n} is its molar concentration ¢; :  — RT and velocity
v; : © — R? The molar mass of species i is denoted by m; > 0 and is a known
constant. The molar flux of species i is ¢;v;. For symmetry of our forthcoming
variational formulation it shall be convenient to work with mass fluxes, which we

denote by J; := m;c;v;. The stationary molar continuity equation for species i reads
V (vic;) =r; in Q, (2.1)

with 7; : © — R a prescribed reaction term?!.
The total concentration of the mixture is cp := Z?:l c¢; and the density is p :=
> j—1 mjc;. The mass fraction of species i is w; := m,c;/p and the mass-average (or

barycentric) velocity of the mixture is

V= ijvj = Z Jj/p (22)
j=1 j=1

Recall that we refer to eq. (2.2) as the mass-average constraint (see eq. (1.44)).
Recall that momentum balance is captured by eq. (1.50b). In this chapter, we
consider the stationary, low Reynolds number regime, so that eq. (1.50b) (together

with eq. (1.66)) reduces to the steady Stokes momentum equation
—V -7+ Vp=pf inQ, (2.3)

where 7 : ) — Rg;nﬁl is the viscous stress, p : & — R the pressure, and f: Q — R? a

prescribed body force?. Recall from eq. (1.74) that 7 and v are related through the

Newtonian constitutive law
T =2ne(v) + (¢ — 2n/d) tr(e(v))I = & e(v), (2.4)

where €(v) denotes the symmetric gradient of v, n > 0 is the shear viscosity, ( > 0
the bulk viscosity, I the d x d identity and &7 : R4 — R%*¢ the compliance tensor.

Sym sym

In this chapter we assume that n and ( are constants, to simplify the presentation

!Note that we previously omitted reaction terms in eq. (1.50a), since we are not concerned with
modelling chemical reactions in this thesis. However, so long as r; is treated as being fized prescribed
data, its presence in eq. (2.1) does not lead to any difficulties. Hence we have opted to include it
as a source term for the sake of generality. However, if one were interested in modelling chemical
reactions, in most situations it would be necessary to allow for r; to depend on problem unknowns;
here, we are explicitly forbidding this.

2Similar to r; in eq. (2.1), the presence of f in eq. (2.3) leads to no difficulties if it is treated as
a prescribed source term.
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of our forthcoming numerical analysis®>. We postpone the consideration of mixtures
with non-constant viscosities to chapter 3.
We denote the chemical potential of species ¢ by p; : 2 — R. The isothermal,

non-isobaric OSM equations are given by (see e.g. [14])

—c;Vu; +w;Vp = Z M;jv; inQ Vie{l:n}. (2.5)

=1

The matrix M is called the isothermal Onsager transport matrix, with entries

RTc;c; e - .

— ifi#j

L @i'c 9
M;; = {Z”JT Rres g (2.6)

k=1k#i Dper V=T

where R > 0 is the ideal gas constant, 7" > 0 the temperature and %;; the Stefan—
Maxwell diffusivities. Note that Z;; is undefined and %;; = Z;; Vi # j [14]. It follows
that M is symmetric with 2?21 M;; = 0 Vi. One can verify that the generalised
Stefan—Maxwell equations previously introduced in eq. (1.77) reduce to eq. (2.5) when
T is constant. The relationship between the isothermal transport matrix M and the
thermodiffusion transport matrix 9t from eq. (1.75) is shown in [113, eq. (3.5)].
Following [4], to simplify the presentation of our forthcoming numerical analysis, in
this chapter we shall assume that each Z;; is a strictly positive constant. This implies
that M is positive-semidefinite, and it has exactly one zero eigenvalue (provided that
all species concentrations are strictly positive). However, in a general mixture, Z;;
can depend on the temperature, pressure, and species concentrations [75]. Under
certain physically reasonable assumptions, our Picard linearised analysis does still
hold in this more general setting?. We postpone the consideration of mixtures with

non-constant diffusivities to chapter 3.

2.2.2 Thermodynamic constitutive law

Fully describing the mixture requires a thermodynamic constitutive law that expresses
the concentrations in terms of the pressure and chemical potentials. In other words,
we require a relationship between cy,...,¢, and pq, ..., u,, p. Such relationships

are determined by the equilibrium thermodynamic properties of the mixture (recall

3More generally, all of our Picard linearised analysis in section 2.2.6 and section 2.3 still holds if
1,¢ € L>(Q) are fixed prescribed data with essinfq 7, essinfg ¢ > 0.

4More generally, all of our Picard linearised analysis in section 2.2.6 and section 2.3 still holds
provided that the %;; do not depend on pressure and depend continuously on the concentrations,
in such a way that M remains positive-semidefinite with exactly one zero eigenvalue. This assump-
tion on M was originally made by Onsager [90] through consideration of the entropy production
(cf. eq. (1.72)).
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section 1.2). In this chapter, it will be convenient to denote this relationship by a
map C which takes n 4+ 1 functions g, ..., s, p :  — R and produces n functions
Cly...,Cn: 0 — RT. Hence

(C1y-neyen) =C(p1, -y fin, D)- (2.7)

Importantly, the pressure and chemical potentials only appear in the SOSM equa-
tions through their gradients (see eq. (2.19) below), and they do not appear in any
of our boundary conditions. Hence these fields are only determined up to addi-

tive constants®. For C to be well-defined we require therefore that, for all constants
Ci,...,Ch Chyy,

C(ﬂ'la tee nunvp) = C(Ml + 01, <5 Hn + Cnap+ Cn+l)- (28)

For an isothermal ideal gaseous mixture [60, 61], it holds that (see eq. (1.24))

© (T . p°
i = 2 exp (& “é; P )) inQ Vie{l:n}, (2.9)
where uf (T, p°),. .., uS (T, p°) are reference chemical potentials and p° a reference

pressure. Both p® and p(T,p°) can be eliminated from eq. (2.9). Indeed, since
; is undetermined up to additive constants, eq. (2.9) leaves ¢; undetermined up to
positive multiplicative constants. We can remove this indeterminacy by enforcing

that the total number of moles of species i is a prescribed value 4; > 0,

/ c;dQ =4 Vie{l:n}. (2.10)
Q
With this indeterminacy removed, there is no loss of generality in expressing eq. (2.9)
as aux

c; = cexp (%) inQ Vie{l:n}, (2.11)

where p2™ € R is an auxiliary constant that is chosen so that eq. (2.10) holds,
and ¢ > 0 is any fixed constant with units of concentration®. Defining C through
egs. (2.10) and (2.11), we observe that eq. (2.8) is satisfied. To motivate eq. (2.10),
note that in the transient setting, prescription of fQ ¢; d§2 is unnecessary since its

value is determined by the transient molar continuity equation dc; + V - (vi¢;) = ;.

SThese constants are undetermined in the present model, but in some settings (e.g. if one is inter-
ested in formation energies or entropies, or modelling chemical reactions) they are fully determined
and have physical importance.

6The actual value of c® is irrelevant, since scaling c© is equivalent to shifting p2"*. We are being
pedantic and include it in eq. (2.11) for dimensional consistency, so that the right-hand side has

units of concentration.

31



Indeed, integration yields & [ ¢;dQ = [,[r; — V - (v;¢;)] A€, so that time evolution
of fQ ¢; dQ2 is determined by the flux c;v;, reaction term 7; and initial condition on
¢;. However, in the steady case the molar continuity equation eq. (2.1) no longer
determines the total number of moles of species 7 and it is natural to instead impose
eq. (2.10) as an additional constraint.

In the completely general setting, where the mixture can be in a gaseous or con-
densed phase and possibly non-ideal, one must consider the mole fractions x; := ¢;/cr.
A general constitutive law can be expressed using n partial molar Gibbs functions
G, : R*? — R and partial molar volume functions V; : R"*? — R, whose argu-
ments are the state variables T, p, x4, ..., x,. These functions are derived from partial
derivatives of the Gibbs free energy of the mixture (recall egs. (1.9) and (1.10)) and
we assume that they are known. The constitutive law is then an algebraic system of
equations (cf. egs. (1.9) and (1.13)):

i — p = Gi(T,p— p™ 1, ..., xy) inQ Vie{l:n}, (2.12a)
1 - —
- :ZIjVj(T,p—pa‘m,xl,...,xn) in €, (2.12Db)
T
where p™, p*™* € R are auxiliary constants reflecting the indeterminacy of y;, p up

to additive constants. These auxiliary constants play an analogous role to the p#" in
eq. (2.11), but now in the setting of a general constitutive relation formulated using
mole fractions. The system in eq. (2.12a) determines z1, ..., x,, which can then be
used in eq. (2.12b) to determine ¢y. The concentrations are then given by ¢; = cra;.

By the Gibbs—Duhem relation eq. (1.18), only n—1 of the equations in eq. (2.12a)
are independent [61]. Likewise, only n — 1 of the mole fractions are independent
as Z?Zl xz; = 1. Therefore, although the system in eq. (2.12) constitutes n + 1
equations in the n + 1 unknowns ¢y, x1,...,x,, only n of these equations and n of
these unknowns are independent. In particular, to remove the indeterminacy caused

aux aux

by the n + 1 auxiliary constants pi™, ..., p2™, p*™* it suffices to prescribe at most
n constraints. A reasonable choice of constraints are those in eq. (2.10); however,
depending on the form of G; and V it may not always be possible to satisfy these.
For example, if Vi,...,V, are bounded below by a constant V/ > 0 (this is the case
in section 2.5.2), then multiplying eq. (2.12b) by ¢r and integrating over € reveals
that [, 1dQ > V3770 [, ¢;dQ. Clearly, in this case [, ¢;dQ2 cannot be prescribed
arbitrarily. A related complication is that sometimes it is only possible for k£ < n
constraints to be imposed without overdetermining the system in eq. (2.12) (again,

see section 2.5.2). Attempting to analyse exactly what constraints (and how many)
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can legitimately be imposed in general is outside the scope of this thesis. In what
follows, we assume that an appropriate set of constraints have been suitably chosen
so that C is well-defined and satisfies eq. (2.8).

2.2.3 Augmentation and change of variables

An important property of the isothermal Onsager transport matrix M (recall eq. (2.6))
is that, assuming the concentrations are strictly positive, M is positive-semidefinite
with nullspace spanned by (1,...,1)T [90, 112]. Positive-semidefiniteness of M en-
sures that entropy generation is non-negative’, while the nullspace of M ensures that
bulk convection is nondissipative [4, egs. (1.15-1.16)]. These properties of M are not
only of physical importance; they have crucial implications in our numerics, as we
now describe.

In our forthcoming variational formulation, positive-semidefiniteness of M ensures
that a certain bilinear form is positive-semidefinite. However, for establishing well-
posedness we would prefer this bilinear form to be coercive. We accomplish this using
the augmentation strategy of [4, sect. 1.3] (see also [45, 64, 112]), in which multiples
of the mass-average constraint eq. (2.2) are added to the Stokes and OSM equations
egs. (2.3) and (2.5). As in [4], we also only strongly enforce the divergence of the
mass-average constraint, as this balances the number of equations and unknowns in
the SOSM problem. This leads to the augmented equations [4, sect. 1.5]

—; Vi +w;Vp + ywiv = Z M v, in Q Vi, (2.13a)
j=1
—V'T—l-Vp—i—fyv—fwajvj:pf in €2, (2.13b)
j=1

V-v=V- (ijfuj> in €, (2.13c)
j=1

where v > 0 is a constant user-chosen augmentation parameter, and
Mz’; = Mz’j + YW (214)

is an augmented transport matrix, which turns out to be positive-definite [4, 112].
As discussed in section 2.1, the formulation in [4] discretises the species velocities

v; in L? which, in turn, requires the stress to be discretised in H(div,S). This limits

"Entropy production from thermodiffusion (recall eq. (1.72)) is T! Z?j:o v; - M;v;. In the
isothermal setting this reduces to T-' Y77, v; - Myju; =T 320 v - Myjv; [113].
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[4] to two-dimensional low-order simulations. We circumvent this by reformulating
the SOSM equations in terms of the mass fluxes and we solve for these instead of the
velocities; this will allow us to eliminate the stress altogether. It will be convenient
to introduce the density reciprocal (or specific volume) ¥ := 1/p. We divide the
augmented OSM equations in eq. (2.13a) by m;c; as this will lead to our forthcoming
linearisation to be symmetric; written in terms of the mass fluxes, the augmented

OSM equations are
—m; 'V + UVp+ Qv =Y MJJ; inQ Vi€ {l:n}, (2.15)
j=1
where MZZ is a scaling of the augmented transport matrix in eq. (2.14),

R M. M. ;
MZ;. = Y = ! +’V\I/2 (216)
m;m;ciCs m;m;C;C;

Occasional use will be made of M, the non-augmented analogue of M7, which is:

A M;;
M,;; = ————. (2.17)
m;m;ciC;
Moreover, rewriting the augmented Stokes momentum equation in eq. (2.13b) in terms

of the mass fluxes, and eliminating the stress via eq. (2.4), we obtain

-V (sz_le(v)) +Vp+yv — WKI!Z J;=pf in L (2.18)

Jj=1

2.2.4 Full SOSM problem statement

It shall be expedient to employ boldface notation for quantities indexed by i € {1 : n}.
Hence, for example, we write J = [J1,...,J,]" and p = [uy, ..., pia] T. We view these
as column vectors (or m X 1 matrices). In this chapter we consider the following
formulation of the SOSM problem. Given data f,r, find a barycentric velocity v,

pressure p, mass fluxes J and chemical potentials g such that

—m; 'V + UVp + 4o = Z M;}Jj in Q Vi, (2.19a)
j=1
—V - (7)) + Vp+yo =0 Y T =pf in €, (2.19Db)
j=1
m; 'V J; =7 inQ Vi, (2.19)
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V-uv=V- (@Z@) in Q, (2.19d)
j=1
subject to the constitutive law in eq. (2.7), and Dirichlet boundary conditions®
v=wp, Ji-np=Jp; on I Vie{l:n}, (2.20)

where nr is the unit outward normal on I'" := 9€). The Dirichlet data must satisfy
compatibility conditions m; "' [ o0 Jp,i i dl = [ 7 dQ.

Recall that p is the density, ¥ = 1/p the density reciprocal, my, ..., m, the molar
masses, v > 0 the augmentation parameter, &7 the compliance tensor defined through
eq. (2.4) and Mg is a modified isothermal Onsager transport matrix defined through
egs. (2.6) and (2.16). As in [4], we make the following regularity assumptions on the
data.

Assumption 2.2.1 (Data regularity). We assume the data regularity f,r,...,r, €
L2(2), vp € HY2(02)® and Jp,; € H~Y2(0R) for all i € {1 : n}.

2.2.5 Picard linearisation

We first study a Picard linearisation of the SOSM problem which follows a Gauf3—
Seidel approach in which the concentrations ¢ are frozen and treated as fixed fields.
In practice this can be done at every step of a fixed point iteration, in which one
uses the concentrations from the previous step (computed via the constitutive law
in eq. (2.7)) to linearise the problem at the current step. Fixing the concentrations
also allows for p, ¥ and MZZ to be fixed, since they can be expressed in terms of the
concentrations through simple algebraic formulae. Consequently the SOSM equations
in eq. (2.19) become linear in the unknown fields v, p, J, p. It is these 2 4 2n fields
that we treat as unknowns in our formulation of the Picard linearisation.

We cast the Picard linearisation of egs. (2.19) and (2.20) as a variational problem.
For the integrals in the variational formulation to be well-defined, as in [4] we require

the following physically reasonable assumptions on the density and concentration

fields.

Assumption 2.2.2 (Concentration and density regularity). We assume that p €
Whe(Q), and that ¢; € L®(Q) and ¢; > ¢y a.e. in Q for all ¢ € {1 : n} where

Cmin > 0 is a constant. Since p = Y 7| mjc; it also follows that ¥ =1/p € Whe(Q).

8Boundary conditions on the total mass flux pv can also be considered (see [4] and section 2.5.2).
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Let (+,+)o denote the L*-inner-product on © with corresponding norm ||-[| ;-
We use standard notation (see e.g. [48]) for the Sobolev spaces H'(Q), H(div; ) and

norms ||| giqy » Il #rgaivi)- Their counterparts with vanishing traces are denoted by

Hy(Q) ={u € H(Q) : ulopqo =0}, Ho(div;Q) = {K € H(div; Q) : K - Ar|sq = 0}.
(2.21)

We also consider the space LZ(Q) = {q € L*(Q) : (¢,1)q = 0}.
Proceeding formally, we multiply eq. (2.19a) by a test function K; € Hy(div; ),

integrate over (2, and integrate the terms with gradients by parts, yielding

(1, V - Ko = (0, V- (WED)a + (00, Ko = 3 (MG, K)o (222)

j=1

Next, we multiply eq. (2.19b) by a test function u € H{(£2)? and integrate the viscous

and pressure terms by parts. This yields

(o e(v), Vu)g — (p, V - u)q + <’yv — U Z Jj,u> = (pf,u)q. (2.23)
Q

J=1

Moreover, since o7 is defined by eq. (2.4), the viscous terms simplify to
(o te(v), Vu)g = 2n(e(v), e(u))g + MV - v,V - u)q, (2.24)

where A := ¢ — 2n/d is a Lamé coefficient. Finally, the variational analogues of

egs. (2.19¢) and (2.19d) are simply: for all test functions wy, ..., w,,q € L(9),

n n

Z(m;lv - Jiwi)a = Z(Ti, w;)a, (2.25)

i=1 i=1

(V-v,q)q = (V : <\IJ 2”: Jj) , q) : (2.26)

Assumptions 2.2.1 and 2.2.2 imply that the integrals in egs. (2.22) to (2.26) are
well-defined if (v,p) € HY(Q)¢ x LE(Q) and (J;, ;) € H(div;Q) x L3(Q) for all i.
These are the spaces we will employ in our variational formulation. Note that we
seek the pressure and chemical potentials in L2(€2) as opposed to L*(Q) to address
the fact that they are only determined up to additive constants. We also introduce

the product spaces

V= H' Q) x H(div; Q)", Vo = Hy ()% x Ho(div; Q)", Q = L2(Q) x L(Q)™. (2.27)
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Note that V, C V consists of the traceless functions in V. Consider the bilinear forms

Qy - HI(Q)d X H&(Q)d — R, )
{ av(v,u) =2n(e(v), e(u))q + AV -0,V - u)q, (2.28a)
( i DS V(] — ]R

ao((v,J), (u, K)) —7<v—‘IJZJJ7u \I/ZK)
= o (2.28D)
Z (M;;J;, K;)

\  Where M : Ma/(m;;l]lczcj) and M;; is defined in eq. (2.6),

a:VxVy— R,
{ a((v,J), (u, K)) = ay(v,1) + a,((v, J), (u, K)), (2.28¢)
( b:Vx Q—=R,

b((u, K),(p, p)) := — (p, V- u)q + ; .V (VK)o -

- Z(mflumv - Ki)a.

\ i=1

The conditions in egs. (2.22) to (2.26) are equivalent to the following problem: find
((v,J), (p, ) € V x Q such that (v, J) satisfy the boundary conditions in eq. (2.20)

and
a((v, J), (u, K)) + b((u, K), (p, p)) = (pf,u)a Vu,K) eV,  (2.29)
b((v, ), (g, w)) = — Z(”’wi)” V(g w)€ Q. (2.29b)

This constitutes our variational formulation of the Picard linearised SOSM problem.

Note that a is symmetric on Vy x Vy and therefore eq. (2.29) is a symmetric problem.

2.2.6 Linearised well-posedness

We now establish well-posedness of the problem in eq. (2.29). Without loss of general-
ity we may consider the case of homogeneous Dirichlet boundary data, so that (v, J)
is sought for in V. By linearity the inhomogeneous case can be recovered by decom-
posing the solution as (v,J) = (vo, Jo) + (v, Ji) where (vo, Jy) € Vy are functions
to be sought for and (v;, J;) € V are fixed liftings which satisfy the inhomogeneous
Dirichlet boundary conditions in eq. (2.20).
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We equip the product spaces V and Q with their Hilbertian product norms

2 2 2
(s BN = Nl ape + D 1K ey - (2.30)
j=1
(g, w)lg = ||Q||i2(sz) + Z ||wj||i2(g) - (2.31)
j=1

One can verify that a and b are bounded in these norms, with constants of bounded-
ness dependent on the concentrations and density. The linear forms on the right-hand
side of eq. (2.29) are also bounded in these norms. Well-posedness of the problem in
eq. (2.29) follows from the following two standard conditions on a and b (see e.g. [18,
Thm. 4.2.1]).

(i) An inf-sup condition on b: For some constant 5 > 0, there holds

(% SNCRY))
i, N K

> Bll(gw)lg Vigw) e Q. (2.32)

(ii) Coercivity of a on kerb: For some constant a > 0, there holds
a((u, K), (u, K)) > all(u, K|, V(u, K) €W, (2.33)
where W C V), is the kernel of b, i.e.

W= {(u,K) eV b((u, K), (q,w)) = 0 ¥(g,w) € Q}. (2.34)

Proof of the inf-sup condition in eq. (2.32). Let Q* denote the dual space of Q. Let
B :Vy — QF be the linear operator corresponding to b, i.e.

[B(u, K)|(q, w) = b((u, K), (¢, w))  V((u, K), (¢, w)) € Vo x Q. (2.35)

The inf-sup condition in eq. (2.32) is equivalent to the statement that B is a surjection
(see e.g. [18, sect. 4.2.2]). To verify surjectivity of B, let [ € Q* be given. Since
Q = L3(Q) x L3(2)", by the Riesz representation theorem there exists functions
lo,l1,..., 1, € L(Q) such that I(q,w) = (lo,q)a + >y (lisw;)q for all (¢,w) € Q.
Since div : Hy(div; Q) — L2(Q) is surjective [58], we can choose K; € Hy(div; ) with
—m; 'V - K; = [; for each i € {1 : n}. Likewise, since div : H}(Q)¢ — L2(Q) is
surjective [58], we can choose u € H}(Q)¢ with V-u = —lp + Y1, V- (VK;). The
definitions of B and b (see egs. (2.28d) and (2.35)) reveal that B(u, K) = I. O
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Proof of the coercivity condition in eq. (2.33). Using the definitions of W and b (see
egs. (2.28d) and (2.34)) one can check that if (u, K) € W then V - K; = 0 for all i.
The inequality in eq. (2.33) will therefore follow if we can prove that

a((u, K), (. K) = | el o+ D MKillaqy | ¥ K) €V (2:36)

=1

We emphasise that eq. (2.36) holds for all (u, K) € V, and not just (u, K) € W.
This fact will be important later on for establishing discrete well-posedness.
We now establish eq. (2.36). Recalling the definition of a in eq. (2.28¢c), we have

a((u, K), (u, K)) = a,(u, u) + a,((u, K), (u, K)). (2.37)

A lower bound for a,(u,u) (recall eq. (2.28a)) can be obtained with standard argu-
ments involving a Korn inequality (see e.g. [49, ch. 42]), which yield

ay(u,u) > C10 HuH?ﬂ(Q)d Yu € Hi(Q)4, (2.38)

for some constant C; > 0 and ¢ = min{n,(}. To bound a,((u, K), (u, K)), let
(u, K) € Vy and set u; = K;/(m;c;) € L*(Q). The definition of a, (recall eq. (2.28b))
reveals that

n

ao((u, K), (u, K)) =Y (M;;K;, K;),,

1,j=1

j=1 i=1

. @ (2.39)
= (Myu;,w),
ij=1
+ Z ¥ (wi(u — uj), wilu — uz))Q
ij=1
Also, since M;; is symmetric with Z?Zl M;; = 0 for all 7, we have
ij=1 ij=1

But M, = M;; + yww; (recall eq. (2.14)) and hence eqs. (2.39) to (2.40) yield

n

ao((u, K), (u, K)) = Z (M (u — uj), u— ;) (2.41)

,j=1
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As argued in the proof of [4, Lem. 3.3], since v > 0 the matrix M} is uniformly
positive-definite on . Hence, by eq. (2.41), for some constant Cy > 0 there holds

ao((U, K), (u> K)) > Z ||U - ui”iQ(Q)d . (2.42)

=1

Note that Cy depends on the concentrations, as discussed in [112, Rem. 4.4].

Finally, let C5 = 1/max { 1m5¢ || oo () }::1 > 0. Since u; = K;/(m;c;) we then
have |[u;l| 2y > C3 || Kill j2(qye for all i. Combining egs. (2.38) and (2.42) we find

that

a((u, K), (u, K)) 2min{C16/2, Co} | [|ullzp e + lullZegye + ) llu— ui\liz(md]
i=1

(2.43)

> min{C10/2, Cs} ||UHJ2L11(Q)4 +(n+1)7" Z ”uiHi?(Q)d] (2.44)
=1

>min{C,6/2,Cy} - min{1,C5/(n + 1)} (2.45)
el e + D Kl 2@y | (2.46)
i=1

where we used the reverse triangle inequality. This establishes the bound in eq. (2.36).
O

2.3 Discretisation of the Picard linearisation

We now derive quasi-optimal finite element methods for solving the Picard linearised
SOSM problem eq. (2.29). Let V¥ € H'(2)¢ denote the discrete barycentric velocity
space, Vi C H(div; ) the discrete species mass flux space, P, C L2(Q) the discrete
pressure space and U, C L3(€2) the discrete species chemical potential space. Here
h € (0,00) is a parameter generating these spaces (e.g. the maximum cell diameter

in a mesh of ). We also set
V=V x(VH"CcV and Q:=P, x (Up)" C Q. (2.47)

The subspaces with vanishing traces are denoted by Vg, := VZ N H(Q)4, Vg, =
Vi N Hy(div; ) and Vo, := Vg, x (V)" C Vo. For simplicity we take V;/ and U, to
be independent of the species index i € {1 : n}, i.e. for each species we use the same

mass flux and chemical potential space. However, the results here can be extended to
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the case where different mass flux and chemical potential spaces are used for different
species.

A conforming discretisation of eq. (2.29) is obtained by employing Galerkin’s
method with Vy, x 9 as the discrete subspace of Vy x Q. We assume homogeneous
Dirichlet boundary conditions in eq. (2.20); the inhomogeneous case is addressed
using discrete lifting functions. The discrete analogue of eq. (2.29) is thus: find
((vny In)s (Pry n)) € Vor x Qp, such that for all ((up, Kp), (qn, wr)) € Vor X Qp, there
holds

a((vn, In), (un, Kp)) + b((un, Kn), (pn, 1)) = (pf, un)a, (2.48a)
b((vn, In), (qn, wp)) = — Z(wh,i,n-)g. (2.48D)

Since eq. (2.29) is a saddle-point problem, well-posedness at the continuous level is
not automatically inherited at the discrete level. The following theorem (see e.g. [18,

ch. 5]) outlines conditions that ensure discrete well-posedness and quasi-optimality.

Theorem 2.3.1 (Discrete well-posedness). Assume that there exists constants 3, & >

0 independent of h such that we have (i) the discrete inf-sup condition

b((un, Kp), (qn, wy))

(UhJS{Uh])DEVOh 1Gam B0, > B (gn, wn)llg  V(gn,wn) € O, (2.49)
and (ii) on the discrete kernel of b
Wy, = {(un, Kp) € Vor : b((un, Kp), (qn, wr)) = 0 V(gn, wy) € Qp}, (2.50)
there holds the coercivity condition
a((un, K, (up, Kp)) > @ ||(un, Kp)|)5 V(un, K1) € W, (2.51)

Then the discrete problem in eq. (2.48) is well-posed. Also, let (v, J), (p, p)) € Vox Q
denote the solution of eq. (2.29) and ((vn, Jn), (Pr, on)) € Von X Qp the solution of

eq. (2.48). Then we have the quasi-optimal a priori error estimate

(v = vn, I = Tn)lly + [[(p = pro b — )l g < C - En, (2.52)
with C' > 0 independent of h, and &, the best approximation error, i.e.

En = inf (v —upn, J — Ky)|l, +  inf ||(p—qh,u—wh)||g. (2.53)

(un,Kn)EVon (gn,wn)€Qn
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The next two lemmas give conditions which ensure that egs. (2.49) and (2.51)
hold.

Lemma 2.3.2 (Inf-sup stability). Condition eq. (2.49) will hold provided that, for
some constants By, B > 0 independent of h, (V},Pyn) and (Vi ,Uy) satisfy inf-sup

conditions

V - up,
sup LU o gy g € P, (2.54a)
up€VY, HUhHHl(Q)d
V.- Kp,w
sup V- Ky wn)a > By llwnll 2y Vaon € Un. (2.54b)

nEV, iv;
knevd, 1Enl raivo

Proof. The proof is analogous to that of the continuous inf-sup condition eq. (2.32),
but with the need to use 8; and 85 to obtain an h-independent lower bound for 3. [
Lemma 2.3.3 (Discrete coercivity). Condition eq. (2.51) will hold provided there

exists a constant ¢ > 0 independent of h such that

HKhHL2(Q)d 2 c HKh”H(div;Q) (2.55)

for all K, € Vi, satisfying (V - Ky, wp)q = 0 Ywy, € Uy,. Note that the condition in
eq. (2.55) holds with ¢ = 1 for divergence-free pairs, i.e. pairs such that if K; € Vy,
satisfies (V + Ky, wp)q = 0 Ywy, € Uy, then V - Kj, = 0.

Proof. Using the definition of W, and b (see eqgs. (2.28d) and (2.50)) one verifies
that for all (up, Kj) € Wh, there holds (V - Kp;,wp)o = 0 Ywy, € Uy Vi. The
bounds in eq. (2.36) and eq. (2.55) then immediately yield that eq. (2.51) holds with

& =« -min{1, ?}. O

Many standard finite element spaces satisfy the hypotheses of lemmas 2.3.2 and 2.3.3.
The barycentric velocity and pressure pair (Vy, Pp,) needs to satisfy the inf-sup condi-
tion in eq. (2.54a), which can be accomplished by employing any conforming inf-sup
stable Stokes pair. Examples include the Taylor-Hood [109] or Scott—Vogelius [102]
pairs. The mass flux and chemical potential pair (V/,U},) must satisfy the condi-
tions in egs. (2.54b) and (2.55), which can be accomplished by employing, for exam-
ple, BDM,-DGy,_; [22, 85] or RT,—DGy_; [96] pairs (these pairs are divergence-free).
Optimal, high-order spatial convergence rates can be achieved when using the Taylor—
Hood pair with degree k > 2 [17] or Scott—Vogelius on suitable meshes (e.g. k > d on
barycentrically-refined meshes [126]) for (V}, Pp), and BDM-DGy_; or RT;-DGy_,
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pairs for (V/,U,). For sufficiently smooth solutions, the bound in eq. (2.52) then

predicts an optimal rate of

1w —vn, T = Tn)lly + (= pr s — pa)ll g = O(R), (2.56)

where h is the maximum cell diameter of a shape-regular triangulation of 2. We
emphasise, however, that we have only proven these spatial rates of convergence for
the Picard linearisation of the SOSM problem.

In single-component incompressible flow it can be advantageous to use divergence-
free Stokes elements, as these yield velocity approximations that are independent of
the pressure (i.e. pressure-robust) [66]. For this reason Scott—Vogelius may be prefer-
able to Taylor-Hood in the single-component incompressible setting, as the former
is divergence-free whereas the latter is not. However, in the multicomponent setting
there does not seem to be an analogue of the pressure-robustness phenomenon, since
the mass-average constraint couples the barycentric velocity to the density and mass
fluxes, which in turn are coupled to the pressure through the OSM equations. Hence,
we do not expect a pressure-robust velocity approximation even with divergence-free
Stokes elements. For this reason we prefer to use Taylor-Hood in our simulations,
as it has no apparent disadvantage relative to Scott—Vogelius but does not require
special meshes. It is less clear whether to use BDM,, or RT}, for the mass fluxes, since
both lead to the same convergence rates in eq. (2.56). Note that the BDMj, finite
element space includes all polynomials of degree k& whereas the RT), space is a strict
subspace of these [18]. Hence, for a given mesh and polynomial degree k, a BDM,
discretisation may be slightly more accurate but also slightly more expensive than
that of RT;. In practice the value of this (fairly minor) trade-off will be problem-

and user-dependent.

2.4 Nonlinear monolithic discretisation and New-
ton’s method

When combined with fixed point iteration, the Picard linearisation can be used to
solve the nonlinear SOSM problem. However, for challenging problems this iteration
often does not converge to a root, or does so at a prohibitively slow rate. A more ro-
bust approach is to use Newton’s method [35]; this requires a monolithic discretisation
of the nonlinear SOSM problem, which we now outline.

In the monolithic setting, the GauB3—Seidel staggering employed in the Picard

linearisation is no longer possible. We still seek ((vp, Jr), (pr, per)) in Vi, x Q, (recall
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eq. (2.47)), but we must introduce additional unknowns to discretise the constitutive
law in eq. (2.7). It is natural to seek the mole fractions in a finite element space
X, C L*(Q) and enforce the L*-projection of eq. (2.12a) into A}. Hence the discrete
analogue of eq. (2.12a) is to find x;, € (A},)" such that for all y, € (X,)",

(ki — 15" yni)o = (Gi(T,pn — P™ , nts - Tnn)s yni)o Vi€ {l:n}.  (2.57)
As discussed in section 2.2.2, the constants pi™, ..., 2™, p** € R reflect the
indeterminacy of the pressure and chemical potentials up to additive constants. To
avoid solving for these constants we use the following trick. Recall that in section 2.3
we employed discrete chemical potential and pressure spaces Py, U, C L3(Q). Using
L3(92) instead of L?(Q) is convenient for the analysis, but at an implementation level it

is easier to work with the analogues of these spaces containing all constant functions,

Py, =P @span{l}, U, := U, ® span{l} and Q) := P, x (U;)". (2.58)
If we seek (pp, pn) € Q) then there is no need for pi™, ..., u2™, p*™ to appear in

eq. (2.57) as they can be absorbed into (pp, ). This is a simple trick, but using
,, instead of Qy, requires the introduction of density consistency terms, as discussed
further below.

Satisfaction of eq. (2.57) does not ensure that the discrete mole fractions exactly
sum to unity, i.e. 2?21 xp,; = 1 will only hold approximately. One can instead solve
for the n — 1 discrete mole fractions 9, ..., 2, and express x5 = 1 — Z?:z Th ;-
However, this breaks permutational symmetry of the species and it does not ensure
that all n equations in eq. (2.12a) hold in an approximate sense (e.g. as in eq. (2.57)).
We therefore prefer to enforce eq. (2.57) and in the computations we verify that
> i—1 7hn; = 1 holds to a satisfactory extent. Of course, we can still introduce nor-
malised discrete mole fractions z}) := @,;/3 7| ¥4 . Using eq. (2.12b) and since
¢; = orx;, a discrete expression for the concentrations (as a function of py, @ only) is

" —1
Chi = Zx}ff;vj(T, PhyTpts - Tp) | any Vie{l:n} (2.59)
j=1

Analogously to eq. (2.28d) our discretisation will contain terms involving V -
(U, Kp;) where Ky, ; € Vg, C Hy(div; Q) and ¥, is a discrete density reciprocal. To
ensure that W, K}, ; admits a weak divergence we introduce a finite element space R, C
Whe(Q) and seek W), € Ry, (cf. assumption 2.2.2). The regularity ¥, € Wh>(Q)
implies that V- (U, K}, ;) € L*(Q). The equation used to determine Wy, is given below
in eq. (2.65d).
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Recall from section 2.2.2 that constraints must be introduced to fix the degrees of

aux aux

freedom p3™, ..., p2™, p*>, which were absorbed into the enlarged space P;, x (U;)".
These n + 1 degrees of freedom require n + 1 constraints, denoted very generally by
F(pn, pn, ) = 0 where F : Pj x (U )" X (X,)" — R" ! is a user-chosen function. For
example, integral constraints on the concentrations (cf. eq. (2.10)) can be imposed
using integrals of ¢; in eq. (2.59). The Gibbs-Duhem relation implies that only
n constraints are required; we need n + 1 constraints here since we are solving for
all n mole fractions despite only n — 1 of them being independent. Hence, one of
our constraints is not physical. Instead, it reflects our desire for the discrete mole
fractions to sum to unity. In particular, satisfaction of eq. (2.57) does not ensure that
Z?Zl xp; = 1 holds exactly in €2, but we can still enforce that this equality holds on

average over () i.e. we consider

/ (1 oy xhd-) d = 0. (2.60)

In this thesis we shall take F' to impose eq. (2.60) along with n physical constraints.

In section 2.3 we assumed homogeneous Dirichlet boundary data. We do not make
this assumption here, as the inhomogeneous case has non-trivial consequences in our
monolithic discretisation, discussed further below. The discrete solution (vy,Jy) €
Vi, generally cannot satisfy the boundary conditions eq. (2.20) exactly. Instead, we

consider
Up = Up,D and Jhﬂ' “np = Jh,D,i ‘nr on 00 Vi€ {1 : TL}, (261)

where (v, p, Jnp) € Vi, are fixed discrete lifting functions, which, by a method such
as interpolation, are chosen to approximately satisfy the boundary conditions in
eq. (2.20), and satisfy the compatibility conditions m, * Joq, I, - rdl = [, 7 €2,

Finally, to state the full monolithic discrete SOSM problem, we introduce a dis-
crete transport matrix Ml-[jch] which is computed using the formula eq. (2.6) but with
the discrete concentrations ¢, (recall eq. (2.59)). Since ¢, is a function of pj, @y, so

too is Mi[;h]. We consider discrete analogues of egs. (2.28b) to (2.28d) which employ
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¢y, and Uy,

alem ¥l Yy x Vo, — R,

o

al M (o, In), (un, Kp)) =1y (”h — W Z ng un = Yn Z Kh“)
i=1

J=1

(

+ Z (Mi[;‘:h] Ihjs Kh,i) Q’

ij=1
orlen] [en]
where M == M;;" [(mymjcnich ),

a[ch’\ljh] Vi X Vo, — R,

alew ) (g, In), (un, Ki)) = ay(on, up) + al Y™ (o, In), (un, K)),

where a, is defined in eq. (2.28a),

(WY, x Q) S R,
o ((up, K1), (Dny 1)) = — (pny V- up)q + Z(ph, V- (UrKpi))a
=1
- Z(mflﬂh,u V- Kii)a.
\ =1

(2.62)

(2.63)

(2.64)

The monolithic problem is: find ((v, Jr), (P, 1), Thy Vi) € Vi X Q) X (X)X Ry,
such that (vp,J) satisfies the boundary conditions in eq. (2.61) and for all test

functions ((un, K4r), (qh, wn), Yn, 1) € Vor X Q) X (X)" X Ry, there holds

n

aler ¥l (v, ), (un, Kn)) + 0% ((ug, K, (pns ) = Z(mwh,z‘f, Up ),

i1
o (vn, T, (qn, wn)) + bé‘ﬁh]((vh, In), (qn, wp)) = — Z(wh,z, i),
=1

(ni — Gi(T,phyTp sy Thm)s Yni)o =0 Vi€ {1:n},

(/¥ — Zmich,ﬂh)ﬂ =0,

=1

F(pn, pen, xp) = 0.

(2.65a)

(2.65D)

(2.65¢)
(2.65d)

(2.65¢)

Here bgﬁh]((vh,Jh), (qn,wy)) are density consistency terms, described below. As in

section 2.3, for V), x Q) we employ spaces satisfying lemmas 2.3.2 and 2.3.3. In

practice this leads to spaces of degree k > 1 being employed for V), and k£ — 1 for

Q). In this case we also employ degree k — 1 spaces for Aj, and Ry. This is because

xy, V), are related to (py, pp) € Q) through L?-projections of algebraic equations; we

do not expect to gain approximation power by using higher degree spaces for these

unknowns.

To motivate the density consistency terms, recall that we enriched the discrete

pressure and chemical potential spaces to contain all constant functions (see eq. (2.58)).
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This may have seemed harmless, since at the continuous level the SOSM equations
eq. (2.19) are invariant under shifts in the pressure and chemical potential by addi-
tive constants. One can also verify that, at the discrete level, shifting (pp, pr) by
constants leaves eq. (2.65a) unchanged (integrate by parts and observe (uy, K}) have
vanishing normal components on 0f2). However, we must also ensure that using Q},
instead of Q) does not affect eq. (2.65b), i.e. that shifting (g, wy,) by constants leaves
eq. (2.65b) unchanged. Since (vp, J) do not have vanishing normal components on
0 and instead satisfy the boundary conditions in eq. (2.61), this invariance property
will hold provided we take

Do ((vn, ). (g, wp)) 1= /asz an (Uh = ‘I’th) ~hpdl. (2.66)

i=1
We call these density consistency terms, since in general v, - np = Z?:l Uy, Jhi - ip
holds only approximately on 052, whereas at the continuous level v-fip = > 7" | WJ;-np
holds exactly due to the mass-average constraint eq. (2.2). We find empirically in sec-
tion 2.5.1 that these terms are crucial for ensuring that Newton’s method converges.
We prefer to use a discrete density reciprocal W, instead of a discrete density py, as
this enables the terms in eq. (2.66) to be integrated exactly with quadrature rules of
a sufficiently high degree. However, in our experience discretizing p instead of W has
no tangible impact on the performance of our numerical schemes; both choices seem
viable in practice.

Let D = dim(Vo, x Q), X (A%,)"™ X Rp,). Once a basis has been chosen, the discrete
problem in eq. (2.65) constitutes D+ n+ 1 equations in D unknowns. However, n + 1
of the equations obtained from eq. (2.65b) can be eliminated, since the compatibility
conditions on J; p; and our construction of bglc'h} ensures that eq. (2.65b) holds auto-
matically when (g, wy) are constants. We solve the resulting system of D equations
in D unknowns using Newton’s method. The constraints in eq. (2.65¢) will typically
(e.g. when imposing integral constraints) lead to dense rows in the Jacobian at each
Newton iteration; these could be undesirable when using direct linear solvers. We
avoid these dense rows by employing an auxiliary sparse Jacobian that is obtained by
replacing the constraints in eq. (2.65e) with n + 1 auxiliary constraints that fix the
values of pj, p;, at a mesh node. The true Jacobian is then a rank n + 1 update of
the auxiliary Jacobian and we compute the action of its inverse using the Woodbury
formula [62].
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2.5 Numerical examples

In this section we test our methods. The experiments were implemented using Fire-
drake [63] and PETSc [9, 33]. We solved the linear systems using the LU solver
MUMPS [1]. Code is available at https://bitbucket.org/abaierr/multicomponent_

code and software versions are archived on Zenodo [5].

2.5.1 Manufactured solution

To study the spatial errors of the discretisation, we consider a manufactured solution
with n = 2 species. We conduct tests in two and three spatial dimensions on the
domain = (0,1)%. The thermodynamic constitutive law is taken to be that of
an ideal gaseous mixture (recall eq. (1.21)) [60, 61]; hence in eq. (2.12) we employ
Gi(T,p, x1,75) = RT In(z;p) and Vi(T, p, w1, 75) = RT/p.

We employ the manufactured solution introduced in [4, sect. 4.4], which requires
that RT' = 1. If the diffusion coefficients are parametrised by %;; = D;D; for D; > 0,
and g : R — R is a smooth function, this solution is given by ¢; = exp(g/D;) and
v; = D;Vg. Specification of ¢; and v; implicitly defines all other unknowns. We use
Dy =1/2,Dy = 2. For d = 2 we set g(x,y) = sin(nzx)sin(ry) and for d = 3 we set
g(x,y, z) = sin(mz) sin(my) sin(nz). For the molar masses we use m; = my = 1, for
the viscosities n = ¢ = 0.1 and for the augmentation parameter v = 10.

We conduct tests for the Picard linearised problem eq. (2.48) and the nonlinear
problem eq. (2.65). In the Picard linearised setting, we use the concentrations (and
quantities p, ¥ and MJ) of the exact solution. We employ a uniform structured mesh
consisting of triangles when d = 2 and hexahedra when d = 3. For the barycentric
velocity and pressure we use the degree k = 4 generalised Taylor-Hood pair [49,
sect. 54.4.1]. For the mass flux and chemical potentials we use the RT;-DGy_; pair
[96] when d = 2 and its hexahedral analogue [84] when d = 3. In the nonlinear
setting, we discretise the mole fractions (resp. density reciprocal) using discontinuous
(resp. continuous) degree k — 1 = 3 polynomial spaces. As constraints in eq. (2.65e)
we impose [, ¢5; dQ = [, ¢; dQ Vi and eq. (2.60). We use Newton’s method with an
absolute tolerance on the residual of 1071% in the Euclidean norm. The initial guess
we supply to Newton’s method is the L2-projection of the exact solution, since our
purpose here is to study the spatial errors of the discretisation, not the root-finding
ability of Newton’s method from a poor initial guess. Depending on the mesh size

this led to Newton’s method terminating in 1 to 3 iterations.
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Table 2.1: Computed spatial errors and associated rates for the Picard linearised test
case in section 2.5.1.

h E, (rate) Evy, (rate) E, (rate) Ej (rate) E, (rate) Ema (rate)

Spatial dimension d = 2

273 1.8¢-05 1.9¢-3 4.4e-4 5.0e-4 1.0e-4 1.50-4

274 5.2¢-07 (5.1) 1.1le-4 (4.2) 2.6e-5 (4.1) 3.0e-5 (4.1) 5.5e-6 (4.2) 9.1e-6 (4.1)
275 1.6e-08 (5.0) 6.3e-6 (4.1) 1.6e-6 (4.0) 1.8¢-6 (4.0) 3.2e-7 (4.1) 5.6e-7 (4.0)
276 5.0e-10 (5.0) 3.9e-7 (4.0) 9.8e-8 (4.0) 1.1e-7 (4.0) 1.9e-8 (4.0) 3.5e-8 (4.0)
277 1.6e-11 (4.9) 2.6e-8 (3.9) 1.0e-8 (3.3) 7.1e-9 (4.0) 5.9¢-9 (1.7) 2.2¢-9 (4.0)

Spatial dimension d = 3

271 4.6e-03 1.1e-1 3.6e-2 5.7e-2 9.8e-3 1.8e-2

272 1.1e-04 (5.4) 5.2e-3 (4.3) 1.7e-3 (4.4) 2.4e-3 (4.6) 3.4e-4 (4.9) 9.2e-4 (4.3)
273 3.3e-06 (5.0) 3.9e-4 (3.7) 1.4e-4 (3.6) 2.1e-4 (3.5) 1.7e-5 (4.4) 6.1e-5 (3.9)
274 9.5¢-08 (5.1) 2.0e-5 (4.3) 7.9e-6 (4.1) 1.3e-5 (4.1) 6.2e-7 (4.7) 3.7e-6 (4.0)

We uniformly refine the mesh starting from an initial mesh size of h = 273 in two

dimensions and h = 27! in three dimensions. We measure the following errors:

Ey = |lv— Uh”L?(Q)d , Egy:=|Vv- VUhHLZ(Q)dXd . Ep=p _ph||L2(Q) ’

) 2
Ey = Z J; — Jh,iHL?(Q)d’ By = Z i = pni ()
— i=1

We also measure the error in the mass-average constraint (recall eq. (2.2)) by means
of Exia = Jlop =¥y 0, Jh,z’HLz(Q)d for the Picard linearised problem and Eyja :=

lon — ¥ >0 Tnill 12(qye for the nonlinear problem. For the nonlinear problem we

also measure the mole fraction error E, := \/ Yoyl — xh7i||iQ @

The numerical results for the Picard linearised problem are shown in table 2.1. Our
chosen finite element spaces satisfy the hypotheses of lemmas 2.3.2 and 2.3.3, and the
quasi-optimal error bound in eq. (2.52) therefore predicts that E,, Ev,, E,, Ej, E,
and Eya go to zero as O(hF) = O(h*). This theoretical prediction is consistent
with the empirical convergence rates shown in table 2.1. When d = 2 and h = 277
the rates for E, and E, appear to decay below O(h*), but we believe this is due
to rounding error and solver tolerances. Moreover, it appears that E, converges as
O(h**1) = O(h®), and we hypothesise that it may be possible to prove this rigorously
using an Aubin—Nitsche technique.

The results for the nonlinear problem are shown in table 2.2. When d = 2 it
appears that F,, By, B, Ej, E,, and Eya converge suboptimally by a factor of A,
i.e. they converge as O(hF~1) = O(h3) (O(h*) for E,). When d = 3 these quantities
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Table 2.2: Computed spatial errors and associated rates for the nonlinear test case
in section 2.5.1.

h E, (rate) FEvy, (rate) E, (rate) FEj (rate) E, (rate) FEma (rate) E (rate)

Spatial dimension d = 2

273 2.0e-05 2.0e-3 4.6e-4 5.3¢-4 1.0c-4 2.1e-4 9.4e-06

274 6.5e-07 (5.0) 1.3e-4 (4.0) 3.0e-5 (3.9) 3.5e-5 (3.9) 8.3e-6 (3.6) 1.6e-5 (3.8) 5.7e-07 (4.0)
275 2.7¢-08 (4.6) 1.1e-5 (3.5) 2.5e-6 (3.6) 3.0e-6 (3.5) 9.2e-7 (3.2) 1.5e-6 (3.4) 3.6e-08 (4.0)
276 1.4e-09 (4.3) 1.2e-6 (3.2) 2.6e-7 (3.3) 3.3¢-7 (3.2) 1.1e-7 (3.0) 1.7e-7 (3.2) 2.2¢-09 (4.0)
2-7 8.2e-11 (4.1) 1.5e-7 (3.1) 3.1e-8 (3.1) 3.9e-8 (3.1) 1.4e-8 (3.0) 2.0e-8 (3.0) 1.4e-10 (4.0)

atial dimension d = 3

271 5.9¢-03 8.4e-2 2.5e-2 6.0e-2 7.1e-3 1.4e-2 1.3e-03

272 1.4e-04 (5.4) 6.1e-3 (3.8) 1.7e-3 (3.9) 2.5e-3 (4.6) 3.3e-4 (4.5) 1.2e-3 (3.6) 6.8¢-05 (4.2)
273 3.7e-06 (5.3) 4.1e-4 (3.9) 1.4e-4 (3.6) 2.1le-4 (3.6) 1.7e-5 (4.3) 7.5e-5 (4.0) 3.5e-06 (4.3)
274 1.1e-07 (5.1) 2.0e-5 (4.3) 7.9e-6 (4.1) 1.3e-5 (4.1) 6.3e-7 (4.7) 4.7e-6 (4.0) 2.1e-07 (4.0)

appear to instead converge as O(h') (O(h®) for E,), but we anticipate that if the
mesh were to be refined further, they would also begin to converge suboptimally by a
factor of h. Interestingly, the mole fraction error F, seems to converge optimally as
O(h?*) for d = 2,3 despite the other quantities converging suboptimally when d = 2.

We hypothesise that the suboptimal rates in F,, By, E,, £y, E,, and Eya, which
only appear when solving the nonlinear problem, are due to the presence of V¥, in

our discretisation. More precisely, the form b[%#! in eq. (2.64) contains the terms

(pr, V- (UnKni)) g = (P (VU9) - Kni) g + (00 UiV - Kiy) - (2.67)

The culprit seems to be the term (ph, (V) - Khﬁi) o In additional experiments
(not shown here), we find that if V¥, is replaced by V¥ in this term, we recover
optimal rates of convergence for the nonlinear problem. Of course, this is useless in
practice; we only know what VW is here because we are using a manufactured solution.
However, this does provide a heuristic explanation for these suboptimal rates. We
expect that VW, converges to VWU slower by a factor of A than V¥, converges to
U, which “pollutes” bl¥»l. Also, we expect that U, can, at best, converge at the
same rate that pp, p, converge, since the concentrations (hence also W) are related
to p, u through algebraic equations eq. (2.12). The “pollution” in bl¥r) caused by
VU, therefore, at best, exceeds the optimal approximation error for p, u by a factor
of h, leading to suboptimal rates. Discretizing the density p instead of its reciprocal
U does not appear to alleviate these suboptimal rates, and more broadly it does not

seem straightforward to devise a numerical scheme that circumvents this difficulty.
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The terms in eq. (2.67) arise due to coupling of the Stokes and OSM equations; they
would not appear in a formulation of the isobaric OSM problem alone.
The density consistency terms in eq. (2.65b) are crucial in this example. Without

them, we find that Newton’s method diverges for the values of d and h from table 2.2.

2.5.2 Benzene-cyclohexane

We consider the three-dimensional mixing of liquid flows of benzene and cyclohex-
ane in a microfluidic container. This example is analogous to the two-dimensional
benzene-cyclohexane simulation in [4, sect. 4.5], but here we consider the more chal-
lenging three-dimensional case. We refer to benzene and cyclohexane as species 1
and 2, respectively. Following [4] we use parameter values T = 298.15K, 25 =
2.1 x10%m?s7 !, n = 6 x 107*Pas and ¢ = 107" Pas. As molar masses we take
my = 0.078 kg mol™! and my = 0.084 kg mol !,

We take the ambient pressure to be p™f = 10° Pa and assume that the depen-
dence of the partial molar volumes on pressure variations and composition can be
neglected. Hence each V;(T,p,z1,2,) is treated as being a constant (recall the dis-
cussion following eq. (1.30); see also [41] and references therein). It follows that
Vi(T, p,x1,T9) =1/ clr-ef where c;»"ef is the concentration of pure species 7 at temperature

ref

T and pressure p™'. Moreover, benzene and cyclohexane form a non-ideal solution,

and we capture this using a Margules model [60] (recall eq. (1.33)) of the form

G1(T,p,1,72) = p/ + RT Inxy + RTx3( Ay + 2(Agy — Arg)z1), (2.68)

Go(T, p,x1,x0) = p/cgef + RTInxy + RTI%(Am + 2(A1p — Agp)xs). (2.69)

As in [4] we set Ay = 0.4498, Ay = 0.4952, m & = 876kgm ™3 and mycy! =
773kgm3. Since each G; is linear in p, and V; is independent of p, the value of p***
plays no role in the constitutive relation eq. (2.12) as it can be absorbed into each
of the p2"*. The auxiliary constants in eq. (2.12) therefore only allow us to prescribe
n — 1 = 1 physical constraint. To demonstrate the flexibility of our method we take
this to be that micp1 — macy 2 integrates to zero on the outflow boundary of the
container; physically this states that the species have equal average densities on the
outflow. The non-physical constraints that we employ are [, pdQ = 0 and eq. (2.60).

The domain €2, shown in fig. 2.1, is a chamber with two inflow pipes and an outflow
pipe. The length scale of the domain is on the order of millimetres. Benzene flows in
from the back pipe (at x = —0.5), cyclohexane from the side pipe (at roughly x = 1),

and both flow out of the front pipe (at x = 5.5). As boundary conditions, we enforce
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parabolic profiles on J; - nr at inflow ¢ and on the outflow, and J; - np = 0 elsewhere
on the boundary. Instead of specifying the value of the barycentric velocity on the
inflows and outflow, we enforce pv-npr = (J;+Jz2)-nr and pv xnp = 0 in these regions.

Elsewhere on the boundary we enforce v = 0. The magnitude of the parabolic profile

enforced on J; - nr is miclr-efv;ef where, as in [4], we symmetrise the molar fluxes so that

ref, ref __ _ref, ref ref 1

Ao = ctus. We choose v = 10 pms™
the problem of Re = 3 x 1072 and a Péclet number of Pe = 1 x 10

, which results in a Reynolds number for

Figure 2.1: The domain and mesh used in section 2.5.2. A unit of length on the axes
corresponds to a physical length of 2mm. The volume is coloured by the nondimen-
sionalised pressure solution p.

-2.6e+02 -200 -1580 -100 -50 0 4.5e+01
\

—— | |

We employ a curved tetrahedral mesh of order 5, shown in fig. 2.1. The mesh
was generated using ngsPETSc [12, 101] and OpenCASCADE Technology. For the
barycentric velocity and pressure we use the degree k = 5 generalised Taylor—Hood
pair [49, sect. 54.4.1]. For the mass flux and chemical potentials we use the BIDM—
DGy pair [22, 85]. For the mole fractions (resp. density reciprocal) we use discon-
tinuous (resp. continuous) degree k —1 = 4 polynomial spaces. We solve a nondimen-
sionalised SOSM system with augmentation parameter v = 0.1.

We solve the discretised nonlinear problem using Newton’s method with an ab-
solute tolerance on the residual of 107! in the Euclidean norm. We first solve the
problem with a low-order k = 2 discretisation (on the same curved mesh), and we use

the resulting solution as the initial guess to Newton’s method in the high-order k = 5
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case. With this low-order initial guess, Newton’s method in the £ = 5 case converges
in 5 iterations. We also solve the & = 2 problem using Newton’s method with the
same absolute tolerance, but we employ continuation [35] to aid convergence. We
take five continuation steps by gradually increasing vi*'. In particular we use values
of v1f = 10%ent/4. 1 im s for feony = 0, 1,2, 3, 4. For our initial guess at the first step
Ocont = 0, we set the velocity and mass fluxes to be zero, and assume an equimolar
isobaric mixture wherein 1 = xp,2 = 0.5 and p, = 0, which together with eq. (2.12)
determines the p,; and ¥;. The five continuation steps Ocony = 0,1, 2, 3, 4 respectively

required 5, 5,6, 6,7 Newton iterations.

Figure 2.2: A cross-sectional view of the domain in section 2.5.2. The volume is
coloured by the mole fraction x; of benzene. Isosurfaces of x; and streamlines of
the nondimensionalised benzene velocity field v; are also shown. The streamlines are
coloured by the magnitude of vy.

vi magnitude
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The pressure solution, shown in fig. 2.1, is largest at the inlets and at a minimum
on the outlet. The benzene mole fraction and velocity are visualised in fig. 2.2.
The benzene mole fraction approaches 1 at the benzene inlet and a value close to
0.5 at the outlet. The benzene velocity field is laminar but exhibits complicated
behaviour near the cyclohexane inlet; our high-order scheme captures this effectively
despite the coarse mesh (the cell diameter is roughly 1/4 the inlet diameter). Finally,
we compute errors in the (nondimensionalised) mass-average constraint and in the
requirement that the mole fractions sum to unity, yielding reassuringly small values
of ||lvp, — W5, Y0 Jhi s =11x10"%and |1 ->"7, xh,iHLQ(Q) =1.6 x 1076,

lr2@)
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2.5.3 High-order versus low-order discretisation

To study the advantages of using a high-order discretisation, we repeat the benzene-
cyclohexane simulation in section 2.5.2, but we vary the polynomial degree k of the
finite element spaces. In particular we vary k € {2,...,5}, and we compare this to
fixing the degree at k = 2 and once uniformly refining the mesh (starting with the
same mesh from section 2.5.2). In all cases we employ a curved mesh of order 5, so
that the effect of curving the mesh with different orders does not play a role in our

experiment.

Figure 2.3: Plots of the L?-errors in the mole fraction and (nondimensionalised) mass-
average constraints for the experiment of section 2.5.3. The blue plot with square
markers is obtained by holding the mesh fixed and varying k € {2,...,5}. The red
plot with circle markers is obtained by holding £ = 2 fixed and once uniformly refining
the mesh.

L?*-error in mole fraction constraint L?-error in mass-average constraint
1072
10~4 B :
1073
107° a E

1076 E ] - 10~} | L

106 107 106 107
Number of degrees of freedom Number of degrees of freedom

—a- Increasing polynomial degree
—e— Uniform mesh refinement

To quantify the accuracy of our numerical solutions, we measure L2-errors in the
mole fraction constraint |1 — 7" | @4, ;2 (o and (nondimensionalised) mass-average
constraint v, — ¥, > 1, Jh,i||L2(Q)d. In fig. 2.3 we plot these errors against the num-
ber of degrees of freedom (DOFs) of the finite element spaces. In blue we plot the
approach of holding the mesh fixed and varying & € {2,...,5}, and in red the ap-
proach of holding k£ = 2 fixed and uniformly refining the mesh.

When k = 2 on the coarse mesh, the finite element space has 7.4 x 105> DOFs,
while on the fine mesh for & = 2 there are 5.7 x 106 DOFs. When k& = 5 on the
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coarse mesh there are 6.1 x 10° DOFs, which is comparable to that of ¥ = 2 on
the fine mesh. However, we see from fig. 2.3 that the k£ = 5 discretisation achieves
significantly lower L?-errors than the k& = 2 discretisation on the fine mesh. In fact,
even taking k € {3,4} leads to a greater accuracy than the k& = 2 discretisation on
the fine mesh, and for a much lower DOF count. These findings are corroborated
in fig. 2.4 where, taking the & = 5 solution as a reference solution, the errors in all
fields (against this reference solution) are again lower for k € {3,4} on the coarse
mesh than for £ = 2 on the refined mesh. These findings indicate that a high-order
discretisation may be a more efficient choice for a given DOF count, and motivate

the study of preconditioners for this case [72].

Figure 2.4: Plots of the errors in (nondimensionalised) fields for the experiment of
section 2.5.3. Errors are computed with respect to the £ = 5 solution on the coarse
mesh. The blue plots with square markers are obtained by holding the mesh fixed
and varying k € {2,...,4}. The red plots with circle markers are obtained by holding
k = 2 fixed and once uniformly refining the mesh.
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2.5.4 Comparison to a previous method

We next compare our method to that of [4], which, to the best of our knowledge,

is the only other finite element method in the literature for the SOSM equations in
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the non-ideal setting. Since the discretisation of [4] is limited to two-dimensional
low-order simulations, we use as a basis for comparison the two-dimensional benzene-
cyclohexane simulation from [4]. The physical setup is similar to that of section 2.5.2
and we refer to [4, sect. 4.5] for the details.

For the low-order method of [4] we employ a non-curved mesh consisting of 10503
triangles. For our method we employ a curved mesh of order 4 with 3164 triangles
and we employ a discretisation of order £ = 4. We have chosen the resolution of these
meshes so that when we compare the two methods they result in linear systems of
approximately the same size; see below. In both cases we use ngsPETSc [12, 101]
to mesh the domain. The method of [4] employs Picard iteration, which, due to
our choice of mesh, requires that a linear system with 3.49 x 10° DOF's be solved at
each iteration. For our method we employ the monolithic Newton scheme (without
continuation) as described in section 2.4, for which the resulting Newton linearised
systems to be solved at each iteration have 3.51 x 10> DOFs. In both cases we choose
an equimolar mixture as an initial guess in the iterative schemes.

The two discretisations that we consider result in different nonlinear systems of
equations to be solved. The nonlinear equations are solved using Picard iteration in
[4] and Newton iteration for our method. To quantify how well these iterative schemes
converge, we measure the L?-norm of the update in the (nondimensionalised) con-
centration fields at each iteration, and we terminate once this falls below 107°. We
have chosen to measure this quantity because it is readily computable for both of the
methods, despite the fact that they are based on different formulations and choices
of unknowns in the SOSM equations. We also measure L2-errors in the (nondimen-
sionalised) mass-average constraint at each iteration.

We first carry out this experiment with a benzene reference inflow velocity of vi*f =
0.4pms~—!. The results of this experiment are plotted in fig. 2.5. The concentration
update plot indicates that both methods successfully converge, with our method
doing so quadratically (as expected of Newton’s method), and the method of [4]
linearly (as expected of Picard iteration). The quadratic convergence of Newton’s
method means that our scheme converges much faster than that of [4]; we converge
in 6 iterations whereas [4] converges in 15. Moreover, our high-order discretisation
achieves a significantly lower L?-error in the mass-average constraint, despite the fact
that both schemes result in linear systems with roughly the same number of DOFs.
We ran the experiment of this subsection in parallel on 8 cores with an Intel Core
19-10920X processor, and we solved the linear systems with MUMPS [1]. The linear

solve runtime was similar for both methods. For our method the average runtime was
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Figure 2.5: Plot of the concentration updates and mass-average constraint errors in
the L?-norm, versus the number of iterations, for the experiment of section 2.5.4 with
vif = 0.4pms~. We compare our method with the previous method of [4]. The
dashed grey line represents the termination condition of 10710 for the concentration
updates in the L?-norm.
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2.0 seconds, where we have accounted for the additional computational time resulting
from applying the Woodbury formula (recall section 2.4). For the method of [4] the
average runtime was 2.4 seconds.

Finally, we repeat this experiment with a larger benzene reference inflow velocity

of v'*f = 4.0pms~1.

This results in a nonlinear system that is appreciably more
difficult to solve, as demonstrated in fig. 2.6. Indeed, our method converges but now
requires 8 iterations to do so. Moreover, for the method of [4] we employ the under-
relaxation strategy outlined in [4, sect. 4.5] to aid with nonlinear convergence, but
we find that for both small and moderate under-relaxation parameters € € {0.1,0.5}
the method fails to converge and the mass-average error does not decrease with the
iteration count. These findings indicate that our Newton scheme is more robust than
Picard iteration when solving more challenging problems. In this case the linear solve
runtimes were again similar for both methods; we recorded an average runtime of 1.9

seconds for our method and 2.4 seconds for that of [4].
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Figure 2.6: Plot of the concentration updates and mass-average constraint errors in
the L?-norm, versus the number of iterations, for the experiment of section 2.5.4 with
vif = 4.0pms™. We compare our method with the previous method of [4] using
an under-relaxation parameter €. The dashed grey line represents the termination
condition of 107!Y for the concentration updates in the L?-norm.
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2.6 Conclusions

In this chapter we have introduced and analysed a large family of finite element
methods for solving the SOSM equations, which model bulk momentum transport and
multicomponent diffusion in concentrated mixtures. To the best of our knowledge,
this chapter represents the first work in the finite element literature that introduces
a discretisation for these equations that is applicable to non-ideal mixtures and is
straightforward to implement in two and three spatial dimensions. At a theoretical
level, we studied a Picard linearisation of the SOSM problem and we proved that our
discretisations are convergent and quasi-optimal in this linearised setting. We also
showed how the methods can be extended to the full nonlinear SOSM problem and
how the resulting monolithic system can be solved using Newton’s method. Numerical
experiments substantiated our theory and demonstrate that the methods achieve high-
order spatial convergence rates. Our numerical experiments also suggest that, for a

given computational cost, our high-order discretisations in conjunction with Newton’s
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method outperform previous low-order approaches in both accuracy and robustness.
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Chapter 3

Finite element methods for
electroneutral multicomponent
electrolyte flows

This chapter is based on the manuscript [7].

3.1 Introduction

This chapter addresses the numerical simulation of liquid electrolytes, which are fluids
that transport electrical charge by the motion of ions. Electrolytes are multicompo-
nent fluids (or mixtures), since they consist of multiple distinct chemical species
[56, 123]. While a general mixture may consist entirely of uncharged species, in an
electrolyte at least two of the species must be ions of opposite charge. For example,
dissolving table salt in water yields an electrolyte with three species: H,O, Nat and
Cl". Prominent applications of electrolytic flows include energy storage (e.g. bat-
teries and fuel cells), chemical processes (e.g. electrodialysis and electroplating) and
biological systems (e.g. biological membranes) [11, 86, 123].

We assume that the electrolyte is electroneutral, which means that its local charge
density is everywhere zero'. This is a common and accurate assumption for most
electrochemical systems at length scales much larger than the Debye length (which is
typically on the order of nanometers) [86, 123]. For example, in lithium-ion batteries,
electroneutrality holds throughout the bulk of the electrolyte and is only violated in
sub-nanometer-wide layers near the electrolyte-electrode interfaces. Consequentially,
physics-based microscale lithium-ion battery models typically use differential equa-

tions that assume electroneutrality throughout the domain and incorporate interfacial

'Note that electroneutrality does not prevent the transport of charge within the mixture.
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charge layers through boundary conditions [23, 97]. In this chapter, electroneutrality
allows us to follow work done earlier by Van-Brunt et al. [114] and employ a change of
basis that transforms the governing equations into a form that is structurally similar
to that of an uncharged mixture, simplifying both the model and numerics.

A constitutive relation for the species mass fluxes must be chosen to model mass
transport in multicomponent flows. For electrolytic flows, the popular Nernst—Planck
model accounts for mass transport by convection, Fickian diffusion and electromi-
gration [10, 40]. Several finite element methods exist for the electroneutral Nernst—
Planck model [19, 43, 98], and literature for its non-electroneutral analogue, the
Poisson—Nernst—Planck model, is especially abundant (see e.g. [32, 95, 124]). How-
ever, because the Nernst—Planck model assumes that every species in isolation obeys
Fick’s law of diffusion [53], it has the drawback of being unable to capture cross-
diffusion, a physical phenomenon that arises when different species exert diffusional
forces on each other [69, 108, 116]. For dilute miztures, i.e., mixtures with only one
species present in non-trace amounts, it is usually assumed appropriate to neglect
cross-diffusion, and doing so greatly simplifies the model. However, many practical
problems involve non-dilute mixtures for which Fick’s law is inadequate. For exam-
ple, in lithium-ion battery electrolyte modelling, cation-anion cross-diffusion must
be accounted for to match experimentally observed conductivity, salt diffusivity and
transference numbers [15]. For detailed discussions on the limitations of Fick’s law,
we refer to [76, 77, 78] for generic mixtures and [86, ch. 11-12] for electrolytes. Draw-
backs of the Nernst—Planck model from a thermodynamical perspective are also given
in [40].

To avoid the limitations of Nernst—Planck theory, we treat mass transport using
the Onsager—Stefan—Maxwell> (OSM) constitutive laws [14, 78, 99, 123], which were
introduced in section 1.6. Due to its flexibility in treating complicated transport
phenomena and nonideal thermodynamics, the OSM framework has received much
attention in electrochemistry as a tool for modelling electrolytic flows [86]. In the
context of electrochemistry, the OSM framework is sometimes known as concentrated
solution theory. For example, the framework has been applied to lithium-ion batteries
[97], fuel cells [121, 122], electrodialysis [74] and electrolysis [104]. Nonetheless, the
OSM equations have received limited attention in the scientific computing literature,

especially for the coupling of OSM diffusion to Stokes or Navier—Stokes flow. We

2Nomenclature varies depending on the source; sometimes the name Mazwell-Stefan or even
generalised Mazwell-Stefan is used instead.
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refer to the coupled Stokes (resp. Navier—Stokes) and OSM equations as the SOSM
(resp. NSOSM) equations.

Most numerics papers on the OSM equations assume a thermodynamically ideal
gaseous mixture, such as the finite element methods in [21, 29, 70, 83, 112]. For
numerics papers on the SOSM or NSOSM equations, we are aware of [46] for a fi-
nite difference scheme, [8, 13, 38, 37, 39, 92, 106] for a series of Cartesian-grid finite
volume schemes under various physical assumptions in the setting of fluctuating hy-
drodynamics, and [4, 24, 26, 80] for finite element schemes (in addition to chapter 2).
Among these works, only chapter 2 considers spatially high-order methods, and only
(39, 92] consider charged species (although [39, 92] make the Boussinesq approxima-
tion to simplify the numerics). We are not aware of existing finite element algorithms
for the electroneutral NSOSM equations, a gap the present chapter addresses.

A major novelty of this chapter lies in our treatment of the electroneutrality con-
dition, which in mathematical terms places an algebraic constraint on the species
concentrations. Previous works have used this constraint to obtain an elliptic equa-
tion for the electrical potential, which is then coupled to the relevant equations that
govern mass and momentum transport [39, 43, 98]. The structure of these coupled
transport equations does not resemble that afforded by an uncharged mixture, re-
quiring the development of new solution techniques: temporal splitting schemes are
introduced in [39, 43] and a monolithic approach is considered in [98]. By contrast, in
this chapter we use the so-called salt-charge transformation, introduced in [114] and
inspired by Newman’s work on binary electrolytes [87], to transform the electroneu-
tral NSOSM equations into a form that structurally resembles the NSOSM equations
for an uncharged mixture. We then apply the method of lines, whereby we spatially
discretise the transformed problem using a steady NSOSM solver and then solve the
resulting spatially discrete system of differential-algebraic equations by timestepping.
Hence, our approach has the advantage of allowing uncharged NSOSM spatial dis-
cretisations and solvers to be employed for electroneutral electrolytic mixtures.

The steady NSOSM discretisation we employ modifies the SOSM scheme intro-
duced in chapter 2 to include the nonlinear convective terms in the momentum bal-
ance. These are trivial to include because we assume a low Reynolds number flow, so
the convective terms do not require stabilization. We also apply a second modification
that is straightforward but has consequences regarding the set of material parameters
one must specify to implement the model. Namely, instead of discretizing the OSM
equations using chemical potentials (as is done in [4, 24] and chapter 2), we express

the OSM diffusional driving forces in terms of mole fraction gradients and we only
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discretise the mole fractions. Because we do not discretise the chemical potentials, we
do not require experimental knowledge of species activity coefficients in the mixture.
Only the thermodynamic factors (i.e. partial derivatives of activity coefficients with
respect to mole fractions) are required, which allows us to straightforwardly draw on
experimental data from [117, 118] in our numerical experiments.

When modelling mixtures, the interplay between the volumetric equation of state
(EOS), given by eq. (1.13), and boundary conditions (BCs), is subtle. The EOS and
BCs can both impose restrictions on the species concentrations, and these restrictions
must be compatible. Investigating this interplay is mathematically challenging even
for a two-species Fickian mixture [52]. Here, this challenge is exacerbated by the fact
that our steady NSOSM solver requires user-chosen integral constraints to be imposed
on the mathematical solution®, as was the case in chapter 2. These constraints arise
naturally in the steady case, because the steady mass continuity equations do not
dictate how many moles of each species are present in the domain; this must be
prescribed by additional integral constraints. However, in the transient case, the
constraints must be chosen carefully, such that they are compatible with the choice of
EOS and BCs. We discuss several physically relevant choices of EOS and BCs along
with appropriate corresponding constraints. We also discuss a seemingly physical
combination of EOS and BCs that appears to yield an ill-posed problem. We are
not aware of discussions regarding this interplay in the multicomponent numerics
literature and believe these findings may be of independent interest. Incidentally, we
mention that a discussion about the challenges of discretizing the multicomponent
mass continuity equations, in a way that is compatible with the EOS, is given in [38]
in the case of a low-order finite volume scheme?.

The remainder of this chapter is organised as follows. In section 3.2 we introduce
the electroneutral NSOSM equations, and show how the salt-charge transformation
can be applied to obtain an equivalent system amenable to a steady NSOSM solver.
In section 3.3 we first consider the transformed steady problem, which we discretise
using the (modified) scheme from chapter 2. In section 3.4 we apply the method
of lines to the transformed transient problem, discretizing in space using the steady

scheme from section 3.3 and taking special care to identify what constraints must be

3Henceforth we shall always use “solution” in the mathematical, rather than the physical, sense.

4The challenges encountered in [38] are different from those encountered in this chapter, presum-
ably because they discretise the species partial densities whereas we discretise mole fractions, and
also because they attempt to enforce the EOS pointwise, whereas we enforce the EOS intrinsically
due to our choice of variables.
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imposed depending on the EOS and BCs. In section 3.5 we demonstrate our algorithm

with a variety of numerical examples, and conclusions are drawn in section 3.6.

3.2 (Governing equations and salt-charge transfor-
mation

We consider an isothermal, chemically nonreacting mixture of n > 3 species indexed
by i € {1:n}. Let z; denote the equivalent charge of species i and n. > 2 the number
of charged species. Note that n. = n is possible, e.g. for a molten salt. We list the
species so that the first (n — n.) species are uncharged and the last two species are
oppositely charged. This means that z1,...,2,-,, =0 and 2z, +1,...,2, # 0 with
Zn/Zn—1 < 0.

We next state the governing partial differential equations, which are posed on a
bounded and connected Lipschitz spatial domain Q C R? with d € {2, 3}.

3.2.1 Electroneutral NSOSM equations

The thermodynamic state variables that we consider are the temperature T, the
pressure p and the species molar concentrations ¢; for i € {1 : n}. Since the mixture
is isothermal T is a fixed parameter, but p and ¢y, ..., ¢, may vary with space and
time. The total concentration is ¢y = Z?Zl c; and the density is p = Z;;l m;c;
where m; is the molar mass of species i. Composition can be described using the
species mole fractions z; = ¢;/cy. Note that by definition Z?Zl x; = 1. The charge
density is p, = F 2?21 zjc; where F'is Faraday’s constant. Electroneutrality requires

that p. = 0, or equivalently
szcj =0 inQ, (3.1)
j=1

which restricts the space of permissible compositions.
To model momentum and mass transport we employ the Cauchy momentum equa-
tion (recall egs. (1.50b) and (1.66)) and nonreacting species mass continuity equations

(recall eq. (1.50a)), written in the following form:

%+V~(pv®v)+Vp—V«T:pf in Q, (3.2)
%ii—l—V-Ni:O inQ Vie{l:n} (3.3)

Here v is the barycentric velocity, 7 is the viscous stress, f is a prescribed body force

which is typically zero, and N; = ¢;v; is the molar flux of species ¢ € {1 : n}. Note
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that in this chapter, it is convenient to use molar fluxes N; (and not mass fluxes J;,
as in chapter 2), due to the interplay between the salt-charge transformation and
stoichiometry.

The barycentric velocity is related to the molar fluxes through the mass-average

constraint (recall eq. (1.44)),
pv = ij]\/j in Q. (3.4)
j=1

Since p = Z?Zl mjc; one can multiply eq. (3.3) by m; and sum over ¢ while using
eq. (3.4) to obtain the equation for total mass continuity 0;p+ V - (pv) = 0. However,
as in chapter 2, we never explicitly discretise this equation since it is a consequence
of eq. (3.3) and eq. (3.4).

The balance laws egs. (3.2) and (3.3) must be closed with constitutive laws for
the viscous stress and molar fluxes (recall section 1.6) For the former we apply the
Newtonian fluid law (recall eq. (1.74))

T =2ne(v) + (¢ —2n/d)(V - v)], (3.5)

where €(v) is the symmetric gradient of v, I is the d x d identity matrix, n > 0 is
the shear viscosity and ¢ > 0 is the bulk viscosity. In contrast to chapter 2, we now
allow the viscosities n and ¢ to depend on the thermodynamic state variables T, p
and zq,...,x,.

We model the molar fluxes using the isothermal, non-isobaric Onsager—Stefan—
Maxwell (OSM) equations, as was done in eq. (2.5) of chapter 2. When written using

molar fluxes, eq. (2.5) takes the form

Vi Hp =3 MyN, inQ Vie{l:n}, (3.6)
p :
7j=1
where p; is the electrochemical potential of species i € {1 : n} and M is an isothermal
Onsager transport matriz.

Three immediate remarks on eq. (3.6) are in order. The first is a matter of
bookkeeping. Note that M is related to the transport matrices M (recall eq. (2.6))
and M (recall eq. (2.17)) from chapter 2 by the formula

. M,

L)

In this chapter, it is natural to use M, since we are using molar fluxes.
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The second remark concerns the spectral properties of M, which are analogous to
our considerations regarding M in chapter 2. The two crucial properties of M are
that it is symmetric positive-semidefinite, and its nullspace is spanned by [cy, ..., ¢,]".
Moreover, the Gibbs-Duhem relation implies that > 7 ¢;(=Vu; + [m;/p]Vp) = 0
(recall eq. (1.18)). The left side of eq. (3.6) therefore lies in the orthogonal complement
of span{[cy,...,c,]"}, which is the range of M. Hence eq. (3.6) is non-uniquely
solvable for Ny,..., N,. Uniqueness of the fluxes comes from imposing the mass-
average constraint eq. (3.4) in addition to eq. (3.6). Often M is written in terms of

so-called Stefan-Mazwell diffusivities 9;; as

RT . . .

S if i # j,

Mz] - n RTcy, =i (38)
> ke k#i Dipere; LT

with R the gas constant. The diffusivities satisfy 2;; = Z;; for i # j [14], while
P;; is undefined. In contrast to chapter 2, we now allow the Z;; to be functions of
T,p and xy,...,1, (see e.g. [75]). For the purposes of this chapter®, this functional
dependence can be arbitrary, so long as M remains positive-semidefinite with its
nullspace spanned by [cy,...,¢,]".

The third remark is that u; in eq. (3.6) is now the electrochemical potential [86],
and no longer the chemical potential, as was the case in chapters 1 and 2. For un-
charged species in locally electroneutral mixtures, these two notions coincide. How-
ever, for charged species, the electrochemical potential differs from the chemical po-
tential, since it depends on the so-called electrical state of the system. We shall discuss
what this means in more detail imminently. Fortunately, the subtleties that arise due
to the electrical state are elegantly handled by the salt-charge transformation.

Equations (3.1) to (3.6) comprise the electroneutral NSOSM equations. In addi-
tion to needing suitable boundary and initial conditions, the equations as written are
still not closed. One must additionally supply a volumetric equation of state (EOS),
which gives the total concentration ¢y (or equivalently, mass density p) as a function
of T,p and xy,...,x,. This is done using either eq. (1.13) or eq. (1.39). A constitu-
tive law giving the electrochemical potentials p; as a function of T, p, z1,...,z, and
the electrical state of the system must also be given. However, in multicomponent
systems, formulating the notion of electrical state is delicate, and requires a foray

into technicalities of electrochemical thermodynamics.

5In this chapter we do not pursue a rigorous well-posedness analysis, as was the case in sec-
tions 2.2.6 and 2.3.
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Intuitively, the electrical state should quantify how much electrical potential en-
ergy is locally available in the system. A reasonable model may be to introduce an
“electrostatic potential” ¢ which acts as a Lagrange multiplier for enforcing elec-
troneutrality, and to then decompose the electrochemical potentials as p; = puS*™ +
Fz¢, where u$"°™ encodes the “chemical” or “non-electrical” part of y; and depends
on T,p and x4,...,x, only. However, Guggenheim and Newman have criticised such
decompositions as being ambiguous [61, 86|, with Newman noting that several in-
equivalent notions of “electrostatic potential” exist in concentrated mixtures (see also
[16, 93]). Fortunately, we do not need to contend with this thermodynamical tech-
nicality in the present chapter. Indeed, owing to electroneutrality, the salt-charge
transformation will eliminate any need to model the dependence of electrochemical
potentials on the electrical state [114]. In what follows, it will only be necessary to
model the dependence of chemical potentials of hypothetical uncharged salts on T, p

and zq,..., 2,5,

3.2.2 Salt-charge transformation

It will be helpful to use boldface notation for vectors and matrices that are indexed
by i € {1 : n}. For example, we shall write 2 = [21,...,2,]", ¢ = [c1,...,¢] T,
m = [my,...,m,]" and so on. These should be interpreted as column vectors (or
n X 1 matrices). Taking their gradient yields n x d matrices, hence for example
(Vu)i; = (V). For the fluxes and other R%valued quantities we write N =
[N1,...,N,]" which is understood to be an n x d matrix, and the divergence acts on
its rows so that V - N is a column vector (or n x 1 matrix). With this notation, the

governing equations in egs. (3.1), (3.3), (3.4), and (3.6) become

zle=0 in €, (3.9)
%:—FV'N:O in Q, (3.10)
v=19% N inQ, (3.11)
~Vu+9Vp=MN inQ, (3.12)

where ¥ := m/p and Vp is viewed as being a 1 x d row vector.
We now carry out the salt-charge transformation. While a detailed presentation is

given in [114], we briefly outline it here for completeness, and because [114] assumes

6In the non-electroneutral setting this strategy does not work. One must instead choose how to
quantify the electrical state and model how the electrochemical potentials depend on it.
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an isobaric mixture and hence does not keep track of pressure gradient terms in the

OSM equations. The starting point is an n x n transformation matrix Z given by

v
z=| : | 3.13
’ 3.13)
z'/|I=ll
Here ||z]| = VzTz and vy, ... v, are n X 1 column vectors whose entries contain the

stoichiometric coefficients of n — 1 independent hypothetical chemical reactions that
neutralise the species. An example from [114] is an n = 5 species mixture consisting
of H,O, Na™, Cl", Mg®t and SO? . Therefore z" = [0,1,—1,2, —2], and a choice of

neutralizing reactions with corresponding stoichiometric coefficient vectors is

H,0 = H,0 — v =11,0,0,0,0],
Nat 4+ ClI” == NaCl — v, =[0,1,1,0,0],
Mg*" +2Cl™ == MgCl, — 1/3T =[0,0,2,1,0],
2Nat + 503~ == Na,S0, — =[0,2,0,0,1]

Note that the choice of reactions may not be unique. Following [114] we make the
convention that vy, ...v, 1 have the following properties. First, for the uncharged
species i € {1 : n—n,} we have (v;); = J;;, corresponding to a trivial identity reaction.
Second, for i € {n —n.+1:n— 1} the first n — n, entries of v; are zero, and exactly
two of the remaining entries of v; are nonzero, and must be coprime positive integers
such that v; is orthogonal to z. Third, the v; for i € {n —n.+1:n — 1} must be
linearly independent. The last two properties state that the non-trivial reactions form
simple neutral salts (i.e. salts formed from two ions) and are independent. These three
properties imply that {vq,...,v,, z} is a basis for R" and therefore Z is invertible.
Through Z the electrochemical potentials transform by puz := Zu. Under elec-
troneutrality, entries (pz); for i € {1 : n—1} are independent of the electrical state of
the system and represent chemical potentials. Indeed, for i € {1:n—n.}, (pz); = 1
is the electrochemical potential of species i, but because species ¢ is uncharged, its
electrochemical potential does not depend on the electrical state and is just a chemical
potential. Fori € {n—n.+1:n—1}, (uz); = v, pu does not depend on the electrical
state because it is the chemical potential of the neutral salt formed in the reaction
corresponding to v; [87, 114]. Following [114], we decompose pz as (recall that F
is the Faraday constant) p, = [u,), (F ||z|| ®7)] where w, is an (n — 1) x 1 column

vector of the chemical potentials and ® is a scalar-valued salt-charge potential. The
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potential &, can be related to the potential of a hypothetical probe reference elec-
trode immersed in the mixture, and serves to quantify the electrical state. However,
no material parameters in the model depend on @ .

The concentrations and fluxes transform by ¢; := Z~ "¢ and Ny := Z~TN.
Since py = Z p these transformations preserve the structure of the volumetric Gibbs
free energy G = ¢'p = eLpy (cf. eq. (1.20)). Under isobaric and isothermal cir-
cumstances the entropy production due to diffusion is given by —T 1 tr(NVpu) =
T Ytr(NJVuy) (cf. eq. (1.65)), which is also preserved by this transformation. As

in [114] we decompose

c, N,
o= 5] M= |riEan) 34
The condition (ez), = 0 is equivalent to the electroneutrality condition eq. (3.9),
and I = FN 'z is the current density. The variables ¢, can be thought of as the
molar concentrations of the salts formed in the neutralizing reactions, and IV, can be
thought of as their molar fluxes. Following [114], we refer to these hypothetical salts
as components as opposed to species. Using the equivalent electroneutrality condition

(cz)n = 0, one verifies that the governing equations eqs. (3.10) to (3.12) transform as

0 |e, V-N,| )
a[o}%—{v.[}—o in €, (3.15)
v=1,Nz; inQ, (3.16)
—VHZ + ¢ZVp = MZNZ in Q, (317)

where 17 := Z1 and My := ZMZ". Since the transformed isothermal Onsager
transport matrix My is congruent to M, it retains the crucial structural properties of
symmetry and positive-semidefiniteness (with a nullspace of dimension one).
Equations (3.15) to (3.17) structurally resemble the uncharged OSM equations. In
particular, the stationary version of egs. (3.15) to (3.17) (removing the time derivative
term in eq. (3.15)) may be coupled to the stationary Stokes equations for v and p,
and the resulting problem can be solved using the stationary SOSM solver from chap-
ter 2. The Picard linearised analysis of chapter 2 is also applicable in such a setting.
However, instead of working with this formulation we will instead further develop
eq. (3.17) by expressing the chemical potential gradients in terms of mole fraction
gradients. Consequently we will not need a constitutive formula for the chemical
potentials (or equivalently, activities) and will only need a constitutive formula for
the thermodynamic factors. The mole fractions transform as , := Z~ '« and elec-

troneutrality implies (), = 0, hence we write ), = [z, ,0] with =, an (n — 1) x 1
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column vector that parametrises composition of the electroneutral mixture. The nor-

malization constraint Y x; = 1 transforms to

vexz, =1 (3.18)

where (vz); = > 7, Zij for i € {1 : n —1}. Generalizing [114, eq. (8.22)] to the

non-isobaric case, we have
Vi, = RT XV, + V,Vp (3.19)

where the (n — 1) x (n — 1) matrix X? encodes the thermodynamic factors under

electroneutrality, and V,, is an (n — 1) x 1 column vector of partial molar volumes:

v .

V- (aﬂ'u

= 3.20
ap ) T,x,=constant. ( )

Equation (3.20) is analogous to the Maxwell relation eq. (1.11a), now expressed in
the salt-charge basis. Partial molar volumes can be recovered from mass-density mea-
surements using Newman’s formula [86, appendix A]. Both X and V,, are functions

of (T, p,x,) only.

3.2.3 Augmentation strategy

As mentioned previously, the isothermal Onsager transport matrix M has a nullspace
of dimension one, and only n — 1 of the OSM equations in eq. (3.6) are linearly
independent. It is the mass-average constraint eq. (3.4), in conjunction with the
OSM equations eq. (3.6), that allows for the molar fluxes to be uniquely determined.
To weakly enforce the mass-average constraint at the discrete level and simultaneously
address the fact that M is singular, we employ the augmentation strategy introduced
in [45, 64] and used in [4, 112] and chapter 2. In the present transformed setting,
we introduce a user-chosen augmentation parameter v > 0 and add a multiple of the
mass-average constraint eq. (3.16) to the OSM equation eq. (3.17) in the following

way:
—Vpz 4+ PzVp+yhzv =y Nz + MzNz; = MN;  in Q, (3.21)

where M7, := 1)1, + My is a nonsingular augmented transport matrix. Following
[4] and chapter 2, for symmetry we also incorporate the mass-average constraint in
eq. (3.2) through

d(pv)
ot

+V - (pr@v)+Vp+yw—19,Nz) —V-7=pf inQ. (3.22)
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We also only explicitly enforce the divergence of the mass-average constraint, i.e.
Vo=V (pyNz) inQ. (3.23)

We shall employ the augmented equations eqs. (3.21) to (3.23) because they yield
a system with the same number of equations as unknowns, and, in an appropriate
Picard linearised setting, yield a well-posed symmetric saddle point problem (as shown
in [4] and chapter 2).

3.2.4 Full problem formulation

Our final formulation of the electroneutral NSOSM problem comprises the following
set of equations, taken from eq. (3.15), eq. (3.22), eq. (3.23) and combining eq. (3.19)
with eq. (3.21). The unknown functions of space and time to be solved for are the
velocity v, transformed fluxes IN,, current density I, pressure p, transformed mole

fractions x, and salt-charge potential ®,, such that:

0
(aptv) + V- (pU@U) —l—Vp—l—”y(v—q,b;NZ) -V T :pf in Q, (3243)
RTX) 0 Vz, v .
B [ 0 ’ F||z”] {ng} + {¢z— Dﬂ }Vp+7¢zv =M)N; inQ, (3.24b)
V- (v—1,Nz) =0 inQ, (3.24c)
% ﬁ)} + {VV’ ]\” =0 in Q. (3.24d)

This problem must be supplemented with suitable initial and boundary conditions,
which we discuss in forthcoming sections.

We recall how all quantities appearing in eq. (3.24) depend on the unknowns. The
viscous stress T in eq. (3.24a) is given by eq. (3.5) and the viscosities in eq. (3.5) are
assumed to be known functions of (7', p, x,). The vector N was defined in eq. (3.14)
and is simply a concatenation of the fluxes IV, and scaled current density I. The
constant v > 0 is a user-chosen augmentation parameter and f is a known forcing
term. All remaining quantities in eq. (3.24) are assumed to be known Lipschitz
continuous functions of (T, p, «,). The density p, concentrations ¢, and partial molar
volumes V,, can be determined as functions of (T, p, x,) using the volumetric EOS.
The vector ¥, = Zm/p depends on p only. The matrix X! of thermodynamic
factors can be expressed in terms of (n — 1)(n — 2)/2 independent Darken factors,
while the transport matrix M}, can be expressed in terms of n(n — 1)/2 independent
Stefan-Maxwell diffusivities [114]. The dependence of these material parameters on

(T, p,x,) is typically modelled by fitting experimental data.
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3.3 Spatial discretisation

In this section, we introduce finite element methods to spatially discretise the elec-

troneutral NSOSM equations eq. (3.24) in steady form:

RTX) 0 Va, v, - ‘
- [ 0 FHZH} {V@z} * {’lbz B {0} }VZ“LW/’Z“ =M;Nz; inQ, (3.25b)
Ve (v=4;Nz) =0 in Q, (3.25)
V-N,=0 in Q, (3.25d)
V-I=0 in Q. (3.25¢)

The steady problem eq. (3.25) must be supplemented with suitable boundary condi-
tions and integral constraints, which we now describe.
3.3.1 Boundary conditions

Let T' := 0f) denote the boundary of {2 and nr the unit outward normal on I'. We

consider the following flux” boundary conditions:

v= (¢ Nz) - irlir + 9o, onl (3.26a)
(N,); - nr = g onl' Vie{l:n—1}, (3.26b)
I- fL[‘ =Jr on I (326C)

The functions g, : I' — R¢ ¢ : T — R and g; : I' = R are prescribed data. We
assume g, -nr = 0 on I, so that eq. (3.26a) enforces the mass-average constraint
eq. (3.16) in the normal direction and v = g, in the tangential directions.

In practical applications the prescribed normal fluxes g; and g; may be known
algebraic functions of the state variables (7', p,,) and ®;. We shall allow for such
dependencies. An example is that of a Butler—Volmer boundary condition [27, 36, 44,
86], which on an electrode interface I'; C I relates the normal component of current
density to the owerpotential. The overpotential quantifies the electrical potential
difference across the interface. Butler—Volmer BCs generally depend on (7', p, «,) and

®, nonlinearly, and we consider this case in section 3.5. However, if the overpotential

"We do not consider Dirichlet BCs in this section, but see section 3.5.2 for an example of how
they can be implemented.
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is sufficiently small and its dependence on electrolyte composition is negligible, it is

worth noting that Butler—Volmer BCs may be approximated by a linear relation [86]

F
g1 = —iOZ—T(v; —®y) onT.. (3.27)

Here iy denotes the exchange-current density, which generally depends on (T, p, x,).
Furthermore, V, denotes the electrode voltage, and n. is a stoichiometric coefficient

representing the number of electrons transferred in the electrode reaction.

3.3.2 Integral constraints

In general, the steady problem eq. (3.25) with boundary conditions eq. (3.26) is not
uniquely solvable, and 1 < k£ < n + 1 additional constraints must be imposed for
uniqueness. The necessity of such constraints in the uncharged, steady SOSM setting
was pointed out in chapter 2. However, the present situation is more complicated than
that of chapter 2 because we allow for the boundary data in egs. (3.26b) to (3.26¢) to
depend on the local state of the mixture. Further complications will arise in section 3.4
when we consider the transient problem, but for now we focus on the steady case.
The need for constraints can be motivated as follows. Integrate the solenoidal
condition eq. (3.25¢) on I over ) and use the divergence theorem together with the

BC eq. (3.26¢) to obtain a fundamental compatibility condition on the problem data:

/ grdl =0, (3.28)
I

which states that the total charge flux into the electroneutral mixture is zero. By
contrast, in a general electrolytic cell the total component molar fluxes need not be
zero, unless the mixture is at a steady state. In the steady case, however, the conti-
nuity equations eq. (3.25d) and BCs eq. (3.26b) yield n — 1 additional compatibility

conditions:

/giszo Vie{l:n—1}. (3.29)
r

For the steady problem eq. (3.25) with BCs eq. (3.26) to admit a solution, the
conditions in egs. (3.28) and (3.29) must be satisfiable. Assuming this is so, let | < n
denote the number of independent constraints that egs. (3.28) and (3.29) impose on
the unknowns (p,x,,®z) due to their (possible) appearance in g; and g;. Finally,
similarly integrate eq. (3.25¢) over €2 and use the BC eq. (3.26a) to obtain an (n+ 1)-
th compatibility condition

/ Goy - rdl = 0, (3.30)
I
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which holds automatically since g, - nr = 0. Hence, we have shown that integrating
the n 4+ 1 equations in eqgs. (3.25¢) to (3.25e) over 2 leads to only I < n independent
constraints on the solution. An additional K = n + 1 — [ constraints must therefore
be imposed for uniqueness. The same argument will apply at the discrete level.
Namely, if D denotes the number of discrete degrees of freedom, then discretisation
of egs. (3.25) to (3.26) will result in a system of D equations, but only D — k of
these will be independent. This motivates why k& additional constraints are needed
for uniqueness. We will give examples of choices of constraints in section 3.3.6. Note
that these constraints do not need to be integral constraints, but they usually are in

practice.

3.3.3 Finite element spaces

We use the standard notation for Lebesgue and Sobolev spaces L?*(2), Wh>=(Q),
H'(Q), H(div;Q) and their norms [48]. We use (-,-)q and (-,-)r to denote the L*-
inner products on Q and T' respectively. Moreover, we write L3(Q) := {q € L*(Q) :
(¢,1)q = 0} for the subspace of functions in L?*(f2) with vanishing mean. We write
H}Q) == {u e HY(Q) : ulr = 0} and Hy(div; Q) := {u € H(div;Q) : (u-nr)|r = 0}
for subspaces with vanishing traces.

To discretise eq. (3.25) we introduce finite dimensional finite element subspaces

that may depend on a parameter h € (0, 00) representing, for example, the mesh size:

V, € H'(Q)4, Von := Vu N HYH(Q)Y, (3.31a)
P, C L*(), Pon, := P N LE(Q), (3.31b)
N, C H(div; ),  Nop := N, N Hy(div; ), (3.31c)
X, C L*(Q), Xop, := &, N LE(Q). (3.31d)

Importantly, we assume P, and X}, contain the constant functions, i.e. 1 € P, N A},.
We shall seek the discrete velocity v, € V;, and pressure p, € Pj. We assume that
(Vh, Pp) forms an inf-sup stable Stokes pair [49], in the sense that:

,V-u
Bllanllyey < sup IV cp (3:32)

ur€Von “uh”Hl(Q)d

for some 5 > 0 independent of h. We shall seek the discrete fluxes (N, ;); € N, for
i € {1:n—1} and current density I;, € Nj,. We seck the discrete mole fractions
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(@yp)i € &y for i € {1:n— 1} and salt-charge potential ¢4 € &}. We assume that

(N, Xp) forms a divergence-free and inf-sup stable mixed-Poisson pair [49], i.e. that:

i V- K
div Now € Xon  and /8,||yh||L2(Q) < sup u

Vo € Xy (3.33)
KneNon, ”Kh“H(div;Q)

for some ' > 0 independent of h. Assumptions eqs. (3.32) and (3.33) are motivated
by the analysis of chapter 2, where similar assumptions are shown to ensure well-
posedness of a Picard linearised SOSM system (recall section 2.3).

Following chapter 2, in our numerical experiments we employ the degree k > 2
Taylor-Hood pair [17, 109] for (V,, Pr) (but cf. section 2.3 for a discussion of other
choices, such as Scott—Vogelius [102]). For (N, X)) we employ either the BDM—
DGy pair [22, 85] or the RT,-DGy_; [96] pair. These spaces are standard in finite
element software packages, extend to high orders, and are applicable in two or three
spatial dimensions on triangular, tetrahedral, quadrilateral or hexahedral (possibly

curved) meshes.

3.3.4 Lipschitz continuous reconstruction operators

Our discretisation in section 3.3.5 will involve integration-by-parts of the gradient
terms on the left side of eq. (3.25b). This requires the entries of X2, 4, and V,, to
lie in W1*°(Q). Discretisation of eq. (3.25¢) will likewise require ¥, € (W1>(Q))".
Recall that we assume these quantities to be known Lipschitz continuous functions of
(T,p,x,). However, at the discrete level, the spaces P} or &), may be discontinuous.
For this reason we shall evaluate thermodynamic properties such as X, 4, V,, using
Lipschitz continuous reconstructions of p, and «,;. To be precise, we assume that

smoothing operators
mp, i P —= PrNWE2(Q)  and  wy, : A — A, N WHR(Q) (3.34)

are available. In our numerical simulations we take 7p, to be the L?(Q)-projection of
Py, into P, N WH*(Q) and likewise for Aj,. Nodal averaging operators could alterna-

tively be employed [47]. Given py, and @, we introduce their reconstructions

—~—

n—1
Bro=mppn and (), = T, (Tun); / S (Wa); - T, (@) (3.35)
j=1

Note that the reconstructed mole fractions are normalised to satisty condition eq. (3.18)

exactly. We then write )/EB, {j;, V,, p, and so on, to denote quantities evaluated with

the reconstructed p, and x,, instead of p, and x, .
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3.3.5 Discretised problem

Our discrete variational formulation of eq. (3.25) can be obtained by multiplying
the equations with suitable test functions and integrating over ). The pressure
and viscous terms in eq. (3.25a), as well as the gradient terms on the left side of
eq. (3.25b), are integrated by parts, and all boundary terms vanish owing to our
BCs in eq. (3.26). Following chapter 2 we also add density consistency terms (recall
eq. (2.66)) to eq. (3.25¢).

The precise discretisation we consider is as follows. We seek discrete functions
v € Vi, ph € Pry Nyp € (N Y I € Npy,y @y € (X)) and @z, € X Let

Nyp

Nz = LJ/(I; ||2||)} e (M)", (3.36)

which is analogous to Nz in eq. (3.14). The discrete variational problem reads:

(V - (pvn @ vp) 4+ y(vn — @Nz,h) -l Uh)Q — (ph,V : uh)Q

- (3.37a)
+ (Qﬁﬁ(vh)—F(C—Qﬁ/d)(vUh)]I,E(Uh))QZO VuhEVOh,
2| o, [RTXW,] ) _ =W o
(LDZJ’V {FnanhDQ (ph’v {’”Z [Kl v W}>Q
(3.37h)

+ <7{bvzvh7 B‘(/:] ) = (@Nz,h, {‘?(/Zl} ) v B‘(/:] € (Now)",
0 %

(V - (vh — ¥, Nzp), %)Q — <le “(vn =Py, Nzp), Qh>F =0 Vg, € Py, (3.37c)

(V- Nzpyn),=0 Vyn € (Xn)" (3.37d)

Moreover, we strongly impose the following discrete analogue of the BCs in eq. (3.26):

Vp = Ty, <[('I/)—|Z—NZ,h) : ﬁr]ﬁp + g”u) on F, (338&)
(Noyp)i - e = 7, (2) onl" Vie{l:n—1}, (3.38b)
I - ir = 7, (97) on T (3.38¢)

Here 7y, and 7y, are L2(F)—projection operators onto the discrete trace spaces®

Ty, ! [L2(F)]d — {uh|1" tup € Vh} C [L2(P)]d, (339&)
mn, + L) = {(K}, - ar)|r : K, € Ny} € LA(D). (3.39b)

Conditions eqs. (3.37) to (3.38) define our discrete scheme.

8For eq. (3.39b) to be well-defined, we implicitly assume (K}, - ar)|r € L?(T') VK, € Nj. In
practice, the finite element space N}, will consist of piecewise smooth functions, so that this indeed
holds.
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3.3.6 Integral constraints in the discrete setting

As already discussed in section 3.3.2, for uniqueness of a solution to the discretised
problem egs. (3.37) to (3.38), additional constraints must be supplied. To see this at
the discrete level, let D := dim (V), X Pj, X (NV;)™ x (X5,)") and note that, once a finite
element basis has been chosen, the problem egs. (3.37) to (3.38) amounts to a non-
linear system of D equations in D unknowns. However, notice that eq. (3.37¢) holds
automatically when g, is a constant, as verified from integration by parts (analogous
to the way eq. (3.30) holds automatically). This property is one way of motivating
density consistency terms (i.e. the boundary terms, as in eq. (2.66)) in eq. (3.37¢).
Also, taking the entries of y;, to be constants in eq. (3.37d), integrating by parts and
using eqs. (3.38b) to (3.38¢) yields (in analogy to egs. (3.28) and (3.29))

/WN,L (g)dl' =0 Vie{l:n—1} and /Wh (gr)dl’ = 0. (3.40)
I I

Let [ < n denote the number of independent constraints that eq. (3.40) imposes
on the discrete solution. Problem egs. (3.37) to (3.38) then consists of only D — k
independent equations, where £ = n+1 —[. Hence, an additional £ constraints must
be imposed.

Since k > 1, at least one constraint is always required. This constraint does
not encode physical information, and instead reflects our choice to solve for n — 1
transformed mole fractions despite the fact that only n — 2 of them are independent.
Following chapter 2 (specifically eq. (2.60)) we impose the normalization condition

eq. (3.18) on average over ()

/(V;:I:,,Vh —1)dQ = 0. (3.41)
Q

Together with eq. (3.41), the remaining k — 1 constraints must be chosen on a case-
by-case basis. What choices of constraints are appropriate will depend on BCs and
the functional dependence of the thermodynamic properties (i.e. the properties in
eq. (3.37) with a tilde) on p and @,. We now give examples of this for concreteness.

Case (i): The BCs in eqs. (3.26b) and (3.26¢) do not depend on p, x, or ®5. In
this case, the compatibility conditions eq. (3.40) do not impose any constraints on the
solution, so [ = 0 and n additional constraints are required. Since no thermodynamic
properties depend on @, this field is then undetermined up to an additive constant,
which can be fixed through a constraint such as fQ &5, dQY = 0. If no thermodynamic
properties depend on p then it too is undetermined up to an additive constant, which

can be fixed by means of fQ pr dQ2 = 0. However, if any of thermodynamic properties
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depend on p then additive shifts of p, by a constant affect the physical content of
the model. In this case, constraints of the form fQ(ph — p)dQ = 0 may be used,
where p € R is a user-prescribed mean pressure. If the volumetric EOS depends on p
(equivalently if p depends on p) then an alternative constraint that is more harmonious
with experimentally available information may be [, pdQ = M'"*, where M** € R
is the user-prescribed total mass of fluid in €2. The final n — 2 constraints may be
chosen to express the relative abundances of the components in ). For example, one
may use [, (c/\,,/)idQ = " for i € ., where . C {1 : n — 1} contains n — 2 indices,
and c!°* € R are user-prescribed total numbers of moles of the components in €.
Case (ii): The BCs in eqs. (3.26b) and (3.26c) depend on the local state of the
mixzture. To illustrate how solution-dependent BCs fit into this framework, consider
the case of an electrolytic cell where g; follows a Butler—Volmer-type relation in
eq. (3.27) or some nonlinear analogue of this, while g; = a;g;/F on T fori € {1 :n—1}
with {a;}77)' a set of known constants. These BCs model electrode kinetics, and the
«; relate to the stoichiometric coefficients of the electrode reaction®. Since each g; is a
multiple of g7, the compatibility conditions in eq. (3.40) impose exactly one constraint
on the solution, so [ = 1 and n — 1 additional constraints are required. Since ¢,
appears in the BC eq. (3.27) it is no longer necessary (or physically reasonable) to
fix fQ &z, dQY = 0. Instead, the n — 1 constraints should be chosen to determine the

pressure and relative component abundances, as in case (i).

3.4 Temporal discretisation

Our spatial discretisation from section 3.3 can be applied in the transient setting
using the method of lines. However, special care must be taken to address the subtle
interplay between the component mass continuity equations, boundary conditions,

volumetric EOS and integral constraints.

3.4.1 Semi-discrete problem

Discretisation in space (but not time) of the transient problem eq. (3.24) yields the
following semi-discrete analogue of eq. (3.37). We seek time-dependent discrete func-
tions vy, € Vi, pn € P, Ny € (N I € Ny, g, € (X)) ! and @y, € &), such

9Generally the value of «; can differ on the anode and cathode; we assume here it is the same
on both (this holds, for example, in symmetric cells and lithium-ion battery cells). The relation
gi = a;gr/F is also valid on the insulating walls of the cell since therein both g; and g; are zero.
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that:

d

E(ﬁ%ﬂh)g + (V- (pon © vn) +(vn — $LNzL) — . up)

— (o Voun) o+ (27e(vn) + (€ = 27/d)(V - o)L e(un)) o, = 0 Yy, € Vo,

x| o [RTXOW,]\ =W o
({%vh],v [FHzIIKthQ (ph,v {@b} [KJ v, Wh}>

o (vt 1)) = (W [R]) V]3] <
Q Q

(V - (vh — YL, Nzp), %)Q - <ﬁF (vp — Y, Nzp), qh>F =0 Vg, € Py, (3.42¢)

(3.42a)

£ (3.42Db)

d 3 n
a( {th} 7yh> + (V- Nz,h,yh)Q =0 Yy, € (A4)" (3.42d)
Q

We supplement this problem with the same strongly enforced BCs eq. (3.38) from the

steady case, and we permit the boundary data to depend on time.

3.4.2 Integral constraints in the transient setting

As in the steady case, problem eq. (3.42) with BCs eq. (3.38) requires integral con-
straints for well-posedness. However, the interplay between the BCs, volumetric EOS
and mass continuity equations becomes especially important in the transient setting,
as we now elucidate through considerations similar to those in section 3.3.6.

First, note that eq. (3.42c) holds automatically when g, = 1, as in the steady case.
This suggests that at least one integral constraint will be needed for well-posedness.

Next, taking constant entries of y, in eq. (3.42d) yields, similarly to eq. (3.40), that

d _
— (cyh)idQJr/m (gi)dl' =0 Vie{l:n—1}, (3.43a)
dt Jo r

/ T, (97) AT = 0. (3.43b)

If gr depends on ®, by a Butler—Volmer-type BC eq. (3.27), then eq. (3.43b) con-
strains additive shifts in ®,;. Otherwise, assuming g; does not depend on p, x,
or &, and none of the g; depend on @4, the (consequently undetermined) additive
constant in @z, can be fixed by an extra constraint fQ ®, 5, dQY = 0. This leaves us

to consider eq. (3.43a).
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To study eq. (3.43a) we assume a confined flow, in the sense that the total normal

fluxes over I are zero. In other words, we assume that the g; satisfy
/m(g;) dl =0 Vie{l:n-—1}, (3.44)
r

so that the compatibility conditions in eq. (3.43a) become

d
—/(cl,h)iszo Vie{lin—1), (3.45)
a J, e

which physically states that the total number of moles of all components is conserved.
Note that eq. (3.44) is satisfied whenever g; = a,g;/F for some constants {a;}"}
(e.g. in symmetric cells or lithium-ion battery cells), since g; satisfies eq. (3.43b).
We now investigate how many of the n — 1 conditions in eq. (3.45) are actually
independent. Note that a general volumetric EOS relates the total concentration cr

to the partial molar volumes V, and mole fractions z, by (recall eq. (1.13))
cr =V, x,. (3.46)

Hence, multiplying eq. (3.46) by cr, we see that the entries of ¢, are related by

1=V, e (3.47)

In light of eq. (3.47), it is clear that the total molar conservation conditions eq. (3.45)
may not all be independent, or may even be overdetermined. This leads us to consider
three pertinent cases, depending on the functional dependence of V,, on p and x,,.

Case (i): The partial molar volumes are constant. In liquid mixtures it is often
reasonable to approximate the partial molar volumes V,, as being constant (recall the
discussion following eq. (1.30); see also [41]). It is then clear from eq. (3.47) that only
n — 2 of the conditions in eq. (3.45) are independent. If any n — 2 of these conditions
hold, then the final one will hold as well. Thus, in this case, we must impose two
additional constraints (recall that the other constraint comes from taking ¢, = 1 in
eq. (3.42c)). A reasonable choice is to enforce eq. (3.41) and a constraint that fixes
the pressure such as fQ (pr, — p)d2 = 0. If the partial molar volumes are constant
then X, p and 17 are independent of p. If 5, and My are also modelled as being
independent of p, and p does not appear in the BCs, then the user-chosen value of p
will not affect the physical content of the model.

Case (ii): The partial molar volumes depend on x, but not p. If the partial molar

volumes are non-constant (which happens only if they depend on p or @x,), then the
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conditions in eq. (3.45) are generally independent. One must then consider whether
they can all be satisfied simultaneously. If the partial molar volumes V,, depend on
x, only, then the set of admissible concentrations ¢, is parametrised by x,. Since
only n — 2 entries of @, are independent, it does not seem reasonable to expect that
all n — 1 conditions in eq. (3.45) can be satisfied simultaneously, and we hypothesise
that in this case the model problem eq. (3.24) may not be well-posed. We give an
explicit example of how this case can produce an ill-posed model in appendix A.1.

Challengingly, in real electrolytes the partial molar volumes can vary apprecia-
bly with composition but negligibly with pressure [86, 117, 118]. To overcome the
challenge of an ill-posed model one can explicitly include pressure dependence in V.
In other words, one can take the bulk modulus (recall eq. (1.30)) to be small, but
non-zero. However, if this dependence is too small, then to satisfy all n —1 conditions
in eq. (3.45) the pressure may be forced to grow unphysically large. We hypothesise
that this challenge could be overcome by allowing the volume of €2 to vary in time
(i.e. the total volume the electrolyte occupies may vary). However, attempting this
lies outside the scope of this thesis, since it would (very challengingly) require both
extending the model and numerically solving a moving boundary problem. A simpler
fix may be to use BCs that do not satisfy eq. (3.44) and instead allow electrolyte to
“leak” into or out of €.

Case (iii): The partial molar volumes depend on both p and x,. As alluded to case
(i), if V, depends on both p and x,, then the set of admissible concentrations ¢, is
parametrised by the n — 1 independent quantities (p, x,). We therefore heuristically
expect all n — 1 conditions in eq. (3.45) to be satisfiable. In this case, only one
additional constraint is needed (from taking ¢, = 1 in eq. (3.42c)), and we suggest
employing eq. (3.41).

Our analysis of cases (i)-(iii) only involves the total molar conservation conditions
eq. (3.45) and the volumetric EOS eq. (3.46). In particular, our considerations are
applicable to any transient multicomponent fluid model with a general volumetric
EOS. We are not aware of these considerations being discussed elsewhere in the liter-
ature; particularly that of case (ii) where a seemingly physical choice of EOS can lead
to an ill-posed problem. Although we are aware of numerical works [24, 37|, which
employ the EOS eq. (3.46) with constant partial molar volumes, they do not touch
on the possibility of case (ii) and its associated challenges. Therefore, we believe
that our considerations here may be of general interest to the multicomponent fluids

community.
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3.4.3 Time-stepping methods

The semi-discrete problem eq. (3.42), together with strongly enforced BCs eq. (3.38)
and appropriate integral constraints of section 3.4.2, amounts to a nonlinear system of
differential-algebraic equations (DAEs). We choose to solve these DAEs using implicit
Runge-Kutta methods, because of their desirable stability properties and ability to

provide high-order temporal accuracy [120].

3.5 Numerical examples

Our subsequent numerical examples are implemented using Firedrake [63]. We use
Irksome [51, 71] for timestepping and ngsPETSc [12, 101] for mesh generation. We
solve the nonlinear systems with Newton’s method [35] and the sparse direct solver
MUMPS [1]. Code can be found at https://bitbucket.org/abaierr/multicomponent_

electrolyte_code.

3.5.1 Hull cell electroplating

To demonstrate our methods in a physically realizable setting, we simulate transient
electroplating of a non-ideal binary electrolyte in a Hull cell geometry in two and
three spatial dimensions. The two-dimensional domain Q%P is a right trapezoid with
vertices (0,0), (0,5), (5,5) and (10, 0). Here, a unit of length corresponds to a physical
length of 1mm. We partition the boundary as 9Q0*P = T'2P UT'2P UT2P where T2P is
the line segment between (0,0) and (0,5) and denotes the positive electrode, I'?P is
the line segment between (5,5) and (10,0) and denotes the negative electrode, and
2D = 9020\ (FI%D U T?P) are insulating walls. The three-dimensional domain is the
extrusion of the two-dimensional domain by 5 units in the z-direction, i.e. Q3P =
Q%P % (0,5) with 3P = T'2P x (0,5), 3P = I'2P x (0,5) and T3P = 9Q*P\ (T3P UTEP).
In what follows we may omit superscripts -2 and -3P.

The electrolyte is composed of ethyl-methyl-carbonate (EMC) solvent and lithium
hexafluorophosphate (LiPFg) salt, a mixture used in lithium-ion batteries. In the no-
tation of section 3.2, there are n = 3 species (EMC, Li* and PFs ) with molar
masses m = [104.105,6.935,144.97] "gmol ™! and equivalent charges z = [0,1, —1]".
We use the salt-charge transformation matrix eq. (3.13) with v = [1,0,0] and
v, =[0,1,1]. This corresponds to neutralizing reactions EMC == EMC and Li* +
PF¢ == LiPFs. Hence, under the salt-charge transformation, the mole fractions

(@,);, chemical potentials (g, );, fluxes (IN,); and so on, represent those of EMC for
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i = 1 and LiPFg for i = 2. We accordingly write zpvc = (@,)1, teve = ()1,
TLipFg = (Ty)2, pLipFs = ()2 and so on for (IV,);.

The material properties are encoded in the functional dependence of 7, ¢, p, X9
and My on (T,p,x,). We take an ambient temperature of 7' = 298.15 K. For the
viscosities, we let 7 be a function of , as reported in [118, Table 2], and ¢ = 107° Pas.
For p, X? and M we use the functional dependencies from [114, Table 1]'°. This leads
to p depending on x, only, and likewise for the (non-constant) partial molar volumes,
placing us in case (ii) of section 3.4.2. The transport matrix My also depends on x,
only, while X? depends on both x, and p, with the (negligibly small) dependence on
p arising due to the non-constant partial molar volumes.

For boundary conditions on I' := 9Q we use eq. (3.38a) with g, = 0. For
the normal fluxes egs. (3.38b) and (3.38¢), we employ nonlinear Butler—Volmer BCs
(36, 86]. Note that pripr, can be expressed as a known function of (p,x,) only, by
analytically integrating X and V,, (cf. eq. (3.19)). The quantity ®; — 0.5uipr,/F
then represents the potential of a reference electrode that reacts with the electrolyte
through Li == Li" + e~ [114]. We assume that the positive and negative electrodes
[, for e € {p,n} undergo the same reaction. Letting V. denote the applied potential

on electrode e € {p,n}, and ig(x,) the exchange current density, we consider the BCs

F[V. = (®7 — 0.5p0pr, ) F
912—2io(wu)sinh{ [ (ZRT puives/ )]

gr =0 on 'y, (3.48b)
go = g1/(2F) onI'. (3.48c¢)

} on I, for e € {p,n}, (3.48a)

Condition eq. (3.48a) is a standard Butler—Volmer BC, while eq. (3.48b) expresses
the insulating property of the walls. Since N = ZT Ny, condition eq. (3.48c) states
that the normal flux of PFg~ is zero on I' (since the electrodes only react with Lit).
We model ig by ig(,) = i§ (vripr,/ :UﬁPF6)1/ 2 to resemble commonly used functional
forms [86]. Moreover, we take V, = 0.1V, V,, = 0V, i§ = 10" Am™? and aFpp, =
0.075.

Since we are in case (ii) of section 3.4.2 (non-constant partial molar volumes that
do not depend on p), we do not expect a well-posed problem if no-flux BCs are
imposed on EMC (i.e. ¢y = 0 on I' in eq. (3.38b)). Instead we impose BCs that allow

some EMC to “leak” from the positive electrode. As a simple model for this, we

0The formula for  in [114, Table 1] has a typo and in the notation of that paper should read
K= (48.93yg’/2 — 284.8y2/2 + 817.8y2)2%. One can use the formulae from [114] to construct Mz, but

note that the right side of [114, eq. (16.24)] is incorrect by a factor of —1.
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assume a quadratic flux profile of EMC on the positive electrode, with the magnitude

of the flux an unknown to be solved for. In particular, we take

91=0 on I, ULy, (3.49a)
91 = Aeak - ¢p 00 L', (3.49b)

where ¢, : I, — R is the unique quadratic function on I', that vanishes at its
endpoints and is one at its midpoint, and A € R is a (time-dependent) Lagrange
multiplier that determines the amount of leakage. The extra degree of freedom Ajeax
allows us to enforce eq. (3.41) while also fixing the pressure mean, for which we take
fQ prdQ = 0.

As initial conditions we take a spatially uniform composition xpipr,|i=0 = x%PFG
and zgycli—o = 1 — 225pp, (cf. eq. (3.18)). For compositions in this regime the
Reynolds and Péclet numbers for the problem are roughly Re = 3 x 1075 and Pe =
9 x 1072, We take all other unknowns v, p, N, I, ®, to be zero at t = 0. We
numerically integrate eq. (3.42) up to a final time of 172800 seconds (two days)
using the RadaullA implicit Runge-Kutta method [120] with two stages in the two-
dimensional case and one stage in the three-dimensional case, and with 200 timesteps.

We spatially discretise eq. (3.42) in a non-dimensionalised form with augmentation
parameter v = 1072. We employ a two-dimensional mesh of 5.7 x 103 triangles
with maximum cell diameter h = 0.125, and a three-dimensional mesh of 6.3 x 103
tetrahedra with maximum cell diameter h = 0.5. We expect singularities in the
solution at corners of §2; in the two-dimensional case we use a finer local cell diameter
of he = 0.0125 at the four vertices of Q2. We employ the degree k Taylor-Hood
pair [17, 109] for (V,,Pp) and the RT;-DGy_; [96] pair for (N, A,) with & = 4
in two dimensions and £ = 2 in three dimensions. The nonlinear systems at each
timestep are solved using Newton’s method with an absolute tolerance on the residual
of 107! in the Euclidean norm. These systems consist of 1.3 x 10° unknowns in two
dimensions and 3.9 x 10° unknowns in three dimensions. The greatest number of
Newton iterations was taken at the first timestep (10 iterations in two and three
dimensions). After the 2nd timestep, all Newton solves required at most 3 iterations.

In fig. 3.1, we plot streamlines of the EMC flux Ngye and current density I at
time ¢ = 64800s in two dimensions. The current density expectedly flows from the
positive to negative electrode and appears to become singular at the top-right cell
corner. The two-dimensional plots also reveal two convective rolls forming in the
EMC flux profile. These convective rolls can also be seen in fig. 3.2, where we plot
streamlines of the EMC flux at the final time ¢t = 172800s in three dimensions.
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Figure 3.1: Streamlines of the EMC flux Ngyce (in black) and current density I (in
white) from the two-dimensional simulation of section 3.5.1. The domain is coloured
by the magnitude of I.
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Owing to the leakage BCs eq. (3.49), the total number of moles of EMC (i.e. the

value of fQ ¢1 dQ) varied by about 0.08 % over the simulation time, in both two and

three dimensions. We also report maximum L2-errors in the (nondimensionalised)

mass-average constraint and mole fraction constraint:

£ = max
OStSTﬁnal

vy, — @NZ’}LHH(QW and & = max Hl - V;wy,hHLQ(Q) .

0<t<Tfnal
(3.50)

We obtained values of (€1,&) = (2.7 x 1074,5.6 x 107?) in two dimensions and
(&1,E) = (2.4 x1072,2.5 x 1079) in three dimensions.

3.5.2 Microfluidic rotating disk electrode

We again consider the binary EMC:LiPFg electrolyte from section 3.5.1, but in a
setting that showcases the flexibility of our method in applying different BCs. We
employ the same salt-charge transformation and material parameters 7, ¢, p, X?°
and My at ambient temperature 7" = 298.15K as in section 3.5.1. We consider a
three-dimensional domain ) representing a microfluidic box containing a rotating
disk electrode. Specifically, we take Q = Qpoy \ Qaisk Where Qo = (—5,5)% and
Qaisk = {(z,y,2) € R3: 22 +9y? < 1,-0.05 < 2 < 0.05}. A unit of length corresponds
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Figure 3.2: EMC flux Ngyc streamlines (coloured by its magnitude) from the three-
dimensional simulation of section 3.5.1. The domain walls are coloured by the salt-
charge potential & .
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to a physical length of 12.5pym. We decompose I' := 002 as I' = I', UT,, UT,,
where I') = {(2,y, 2) € 0Qpox : 2 = £5} denotes the top and bottom walls of the box,
[y = 0ox \I',, the four side walls of the box, and I';, = 0$g;s the disk boundary. The
surfaces I'y, I, I'y, represent, respectively, the positive electrode, negative electrode,
and insulating walls.

We solve the steady problem eq. (3.37) with the following BCs. We first impose
that the disk rotates with fixed angular frequency 6 € R; this manifests in our model

through the boundary condition eq. (3.38a) on v with g, given by

9oy = 0(=y,2,0) for (z,y,2) € OVaigx = L', (3.51a)
oy =0 on I'\ 9Qajs. (3.51Db)

We choose 0 = 28.79s!, which leads to Reynolds and Péclet numbers of roughly
Re =3 x 107 and Pe = 1 x 10'. For the EMC flux N, gye := (V)1 we impose a
zero normal flux condition eq. (3.38b) with g = 0 on I'. For the current density flux,
instead of enforcing eq. (3.38¢) for some function g;, we enforce I, -ir = 2F(Nj, Lipr, -
nr) on I', where Njiprg := (IN,4)2 (note that we implement this as a strongly
enforced BC on I, - np and not Nj 1ipr, - or). As in section 3.5.1, this BC enforces

that the normal flux of PFg  is zero on I'. For the LiPFg flux we enforce a zero normal
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flux condition on the insulating walls Ny, riprs - ir = 0 on I'y,. However, instead of

prescribing the value of Nypp, - ir on the electrodes I', UT",, we weakly enforce
Th LiPFs = xfi’liFB on I, for e € {p,n}, (3.52)

where 275, = 0.082 and ayjpp. = 0.068. This is done by modifying eq. (3.37b)
through the addition of boundary terms, and by enlarging the space of test functions
(W},)2 to those with zero normal trace on I', only. Specifically, instead of eq. (3.37b),

we consider:
Ty h RTXVOWh ~ {Wh} <
) ,v . v — 7v . -V, W,
( [@] {F B Kh] > (ph {‘”Z K 1.

(o 2] o ),

—~— —~—

+ BT e, (X0, (Wada-iie) -+ BT - i, ( (X0)az, (W2 - ir )

n

v [‘?(/h] € (Non x Np x Noy)  with (W),)z - fap = 0 on T',.
h

With the present material data, X is a diagonal matrix. One thus verifies by taking
(W},)2 to be non-zero in eq. (3.53), that for e € {p, n} the following is weakly enforced:

—_— —_ _T e —_—
RT-wnsier, - (XD = pn - { W)z = (Vi )} = BT o, (XD on L. (354)

S

~
=T

—_——

Neglecting Z,'! in eq. (3.54) and dividing by RT - (X0)s2 then leads to eq. (3.52) as
desired.

We discretise eq. (3.37) with aforementioned BCs and modification eq. (3.53) in
a non-dimensionalised form with augmentation parameter v = 1072, As constraints
we impose eq. (3.41) along with fQ pnd2 = 0. We employ a curved mesh of degree
4 with 1.8 x 10* tetrahedra and maximum local cell diameter of A = 0.1 on the disk
boundary. We employ the degree k = 4 Taylor-Hood pair [17, 109] for (Vj,,P}) and
the RT,-DGy,_; [96] pair for (N}, X,). The nonlinear system consists of 1.1 x 10°
unknowns and was solved using Newton’s method with an absolute tolerance on the
residual of 1071% in the Euclidean norm. We first applied Newton’s method on a
coarse discretisation (with a non-curved mesh and order k = 2 spaces), where as an

initial guess we set zpipr, = 0.075 and xpyc = 1 — 2zppr, (cf. eq. (3.18)) and we set

"Dimensional analysis reveals that Z, is smaller than the other terms in eq. (3.54) by a factor of
1078,
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all other unknowns to be zero. Convergence was reached in 6 iterations. We then used
the coarse solution as an initial guess for the fine discretisation (i.e. with a curved
mesh and degree k = 4 spaces, as above), for which Newton’s method converged in 3

iterations.

Figure 3.3: Streamlines of the LiPFg flux Npppp, (coloured by its magnitude) and
current density I (coloured in a transparent yellow) above Qg for the numerical
experiment of section 3.5.2. The disk is also coloured by the magnitude of Npipr,.
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In fig. 3.3 we plot streamlines of the LiPFg flux and current density /. The rotation
of the disk induces a swirling flow of LiPFg, while the current density flows smoothly
from the positive electrode to the negative disk electrode. These observations qual-
itatively reflect the expected behaviour of the solution as induced by our choice of
BCs. Moreover, the L2-errors in the (nondimensionalised) mass-average constraint,

mole fraction constraint, and weakly enforced BCs eq. (3.52) are

th a @NZ’hHLz(Q)d = 13x107, (3.55)
1= vz g =37 %107, (3.56)
[ Liprs — xﬁi’lﬁFeHL?(rpurn) =5.0x107". (3.57)

In particular, the small error in the weakly enforced BC eq. (3.52) affirms the ability
of our algorithm to handle a combination of flux, Dirichlet, and tangential velocity
BCs.
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3.5.3 Cosolvent imbalances

An appealing property of our numerical method is that it accounts for the multi-
component nature of the electrolyte solvent (i.e. the neutral species in which the
salts are dissolved), the effects of which may be important for battery modelling
[68]. To demonstrate this, we consider an electrolyte comprised of LiPFg salt dis-
solved in two solvents, namely ethyl-methyl-carbonate (EMC) and ethylene-carbonate
(EC). The resulting mixture has n = 4 species (EMC, EC, Li" and PFs ) with
molar masses m = [104.105,88.062,6.935,144.97] "gmol ™' and equivalent charges
z = [0,0,1,—1]T. We use the salt-charge transformation matrix eq. (3.13) with
v =1[1,0,0,0], v, =1[0,1,0,0] and v = [0,0,1,1]. This corresponds to neutral-
izing reactions EMC == EMC, EC == EC and Li" + PFy- — LiPFs. Hence,
under the salt-charge transformation, the mole fractions («,);, chemical potentials
(my);, fluxes (IN,); and so on, represent those of EMC for i = 1, EC for i = 2 and
LiPFg for ¢ = 3. We take an ambient temperature of 7" = 298.15 K. We let p be

Figure 3.4: Streamlines of the EMC flux Ngyc (in black) and EC flux Ng¢ (in white)
from the simulation of section 3.5.3. The domain is coloured by the shear viscosity 7.
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a function of x, as reported in [100]. An expression for n as a function of x, was

obtained by fitting viscosity data reported in [100] to a degree 7 bivariate polyno-

mial in the variables \/ reme/(TEMme + Tre), \/ rro/(xEmc + Tre). We further take
¢ =107%Pas, and X? is obtained by assuming an ideal mixture (see eq. (1.29)). We

compute Mz by assuming constant Stefan—-Maxwell diffusivities, the values of which
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are obtained from the supplementary information of [94] for 1molL™! of LiPFg in
vol:vol 7:3 EMC:EC solvent.

We take €2 to be the same two-dimensional Hull cell domain as in section 3.5.1.
For BCs we use eq. (3.38a) with g, = 0. For egs. (3.38b) and (3.38c) we use linearised
Butler—Volmer BCs and we neglect the pip;pr, term in the overpotential (cf. eq. (3.27)):

gr = —igF (Vo — ®2)/(RT) onT, for e e {p,n}, (3.58a)
9r =70 on I'y, (3.58Db)
93 = g1/ (2F) on T, (3.58¢)

with V, = 0.1V, V,, =0V and iy = 10* Am 2. In eq. (3.38b) we further take go = 0
on I', i.e. no normal flux of EC, while for EMC we impose the leak BCs eq. (3.49).

We numerically solve the transient problem eq. (3.42). As initial conditions
we take a spatially uniform composition zpipp,|i=0 = 0.077, zpmcli=o = 0.509 and
Tgcli=o = 1 — 0.509 — (2-0.077) = 0.337 (cf. eq. (3.18)). In this regime the Reynolds
and Péclet numbers for the problem are roughly Re = 3 x 1075 and Pe = 9 x 101
We take all other unknowns v, p, N,, I, ®; to be zero at t = 0. As constraints we
impose eq. (3.41) along with fQ prdQ = 0. We use the same mesh, finite element
spaces (Vp,, Pn) and (Ny, &), and timestepping scheme as in the two-dimensional
case of section 3.5.1. The nonlinear systems at each timestep consist of 1.7 x 10°
unknowns and are solved using Newton’s method with an absolute tolerance on the
residual of 10719 in the Euclidean norm. The first two timesteps required at most 5
Newton iterations, and all subsequent timesteps required at most 3 iterations. Note
that the initial Newton solves in section 3.5.1 required more iterations due to the
nonlinear BCs eq. (3.48a).

In fig. 3.4 we plot streamlines of the EMC and EC fluxes Ngyce, Nee at time
t = 64800s. The flux profiles are emphatically different, underscoring the multi-
component nature of the solvent. Moreover, in fig. 3.4 we colour the domain by the
shear viscosity n = n(x,), which changes by an order of magnitude across the cell
due to the spatially varying EMC:EC ratio. Specifically, at t = 64800s the ratio
rEMc/TEc & 1.4 near the positive (left) electrode and zpyc/rec ~ 1.6 near the neg-
ative (right) electrode. The large variation in 1 arises due to its strong dependence
on the EMC:EC ratio.
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3.6 Conclusions

We have presented a broad family of finite element algorithms for numerically solving
the electroneutral NSOSM equations. To the best of our knowledge, this chapter
represents the first work in the finite element literature on electroneutral NSOSM
flow. The flexibility of our algorithms in handling transient and steady flow under
different boundary conditions was substantiated in our numerical experiments. Our
numerical experiment involving EMC-EC-LiPFy flow also demonstrated the scientific
potential of our algorithms in studying how the multicomponent nature of electrolytes

may impact, for example, locally varying material properties of the mixture.
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Chapter 4

Extensions to anisothermal flows

4.1 Introduction

The purpose of this chapter is to demonstrate how the numerical framework of chap-
ters 2 and 3 can be extended to handle anisothermal flows, where the temperature
T is not constant. Anisothermality is of clear scientific importance, since in most
applications it is difficult, if not impossible, to achieve nearly exact isothermal condi-
tions. While assuming isothermality is sometimes expedient, in many applications the
temperature varies substantially and this assumption breaks down. In such regimes,
heat transport and thermal effects are crucial to the underlying physics, and may
even constitute the primary phenomena of interest [14]. Examples of applications
involving anisothermal multicomponent fluids include batteries, where thermal man-
agement is crucial to safety, performance and degradation [23]; combustion, where
chemical reactions produce heat, and reaction rates depend on the temperature [56];
and atmospheric physics [103], where temperature varies throughout the layers of the
atmosphere and couples to the chemical behaviour of its constituent species.

The most common mechanism of heat transport in applications is described by
Fourier’s law, which states that the heat flow is proportional to the negative tempera-
ture gradient. The constant of proportionality is given by &, the thermal conductivity,
and this mechanism is captured by the Onsager—Stefan-Maxwell (OSM) framework
(see eq. (1.78)). The OSM framework is also capable of modelling the Soret effect
[105], in which thermal gradients drive mass transport. Mass transport by the Soret
effect has been proposed in separation processes [55, 125], and this mechanism is
sometimes referred to as thermodiffusion. Reciprocal to the Soret effect is the Dufour
effect [42], in which concentration gradients drive heat transport. The Soret and
Dufour effects are quantified in OSM theory by the thermal diffusion coefficients, DI
(see eq. (1.77) and [14]). Often in applications, the Soret and Dufour effects can be
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neglected. Even when this is the case, however, thermality plays a crucial role within
the OSM framework, since transport coefficients (e.g. diffusivities or viscosities) and
properties of equilibrium thermodynamics (e.g. densities or excess properties) are
generally temperature-dependent [56, 60].

Our forthcoming numerical discretisation of the anisothermal OSM equations does
not require a great deal of discussion, since we will show that the numerical framework
developed in chapters 2 and 3 adapts straightforwardly to the anisothermal regime.
This is largely due to the structure of the anisothermal OSM constitutive law (see
eq. (1.75) and [113]), which relates the generalised velocities and driving forces by a
transport matrix that is symmetric positive-semidefinite and has a one-dimensional
nullspace. This same structure was exploited in chapters 2 and 3, and the ideas
readily extend to the anisothermal setting.

The main subtlety regarding the discretisation of anisothermal Navier—Stokes—
OSM (NSOSM) flow lies in the choice of energy balance law to discretise. There
are several possible formulations, all of which are equivalent at the continuous level,
but are generally not equivalent upon discretisation. The most obvious choice is the
equation for the specific total energy, eq. (1.50c). Discretisation of this equation by
a sensible numerical scheme would have the advantage of straightforwardly yielding
an enerqgy preserving method for unforced systems. However, in this chapter we are
slightly more ambitious, and we wish to devise a scheme that is both energy preserv-
ing, and ensures that the total entropy is non-decreasing (i.e. the scheme is entropy
dissipating, again for isolated, unforced systems). This latter goal is readily achieved
by discretising the entropy balance law eq. (1.59), since the entropy production func-
tion gg is, by construction, pointwise non-negative (see eq. (1.72) and the discussion
thereafter). If desired, exact total energy conservation can additionally be enforced
through the suitable introduction of a Lagrange multiplier. At an implementation
level, the Lagrange multiplier approach is trivial to incorporate, which is why we
discuss it here. Devising an anisothermal NSOSM scheme that is both energy pre-
serving and entropy dissipating intrinsically (i.e. without Lagrange multipliers) is
challenging, and outside the scope of this thesis.

The remainder of this chapter is organised as follows. In section 4.2 we outline
the equations governing anisothermal NSOSM flow. In section 4.3 we show how these
equations are readily discretised by adapting the numerical framework of chapters 2
and 3. Numerical experiments demonstrating our ability to simulate anisothermal

multicomponent flow are given in section 4.4, and conclusions are drawn in section 4.5.

93



4.2 Continuous problem

We consider an anisothermal, chemically nonreacting mixture of n > 2 species, on
a bounded and connected Lipschitz spatial domain  C R?, with spatial dimension
d € {2,3}. For simplicity, we assume the species to be uncharged; at the end of this

section we briefly outline how one can handle the charged, locally electroneutral case.

4.2.1 Governing anisothermal equations

Important thermodynamic state variables include T',p and ¢4, ..., c,, where T is the
temperature, p is the pressure and ¢; is the concentration of species ¢ € {1 : n}. In
contrast to the previous chapters, we now permit 7" to vary in space and time, along
with the other state variables p,cy,...,c,. The total molar concentration is ¢y =
> i, ¢; and the mass density is p = > | m;¢;, where m; is the molar mass of species
i. Composition is expressed using mole fractions z; = ¢;/cr, for which > 7  z; = 1.
Note that the local thermodynamic state of the mixture is fully characterised by the
state variables T, p, x1, ..., z, (recall section 1.2).

The equations governing the balance of mass and momentum are given by (recall
egs. (1.50a), (1.50b), and (1.66))

)
(aptv)+v-(pv®v)+Vp—V-T:O, in €, (4.1)
%i%v-zvi:o nQ Vie{l:n) (4.2)

Here v is the barycentric velocity, 7 is the viscous stress and N; = c¢;v; is the molar

! of species i. These balance laws were employed in chapter 3 (recall egs. (3.2)

flux
and (3.3)); here, for simplicity we omit source terms since they obfuscate the energy

balance. Recall that v must satisfy the mass-average constraint (see eq. (1.44)):

n
v = E w;vj in €, (4.3)
j=1
where we have introduced the mass fractions w; := mjc;/p. Moreover, we assume

that 7 satisfies the Newtonian constitutive law (see eq. (1.74))

7= 2ne(v) + (¢ — 2n/d)(V - v)L. (4.4)

'In this chapter, there is no major advantage to using molar fluxes IN; as opposed to mass fluxes
J; = m;N;. For the sake of fixing a convention, we choose to work with molar fluxes.
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Here, €(v) is the symmetric gradient of v, I is the d x d identity matrix, n > 0 is the
shear viscosity and ¢ > 0 is the bulk viscosity. As in chapter 3, we permit 1 and ¢ to
depend on the thermodynamic state variables T, p and 1, ..., x,.

As discussed in section 4.1, we shall employ the entropy balance law as our time
evolution equation that implicitly determines the temperature. This facilitates the
straightforward development of an entropy-dissipating discretisation. The entropy
balance equation is given by (recall eq. (1.59))

d(ps)

- V- (psv) + V- Jy = gs, (4.5)

where s is the specific entropy, J, is the entropy flux and gg is the entropy production
function. It will be convenient to eliminate p from eq. (4.5) by working directly with

the volumetric entropy sy := ps. Written in terms of sy, eq. (4.5) becomes

0
%—FV'(va)—FV'JSIgs. (46)

Note that sy depends on T,p,zy,...,z, ounly, ie. sy = sy(T,p,x1,...,2,). We

assume that this functional dependence is known?. The entropy flux is (see eq. (1.61))

J U
}: d }:
Js = Tq -+ o S,L'C,L"Ui = J; —+ 2 S,L (N,L — Cﬂ)), (47)
: . : 7 . :
where J; is the irreversible heat flur (recall eq. (1.60)), J; := Z* the irreversible

entropy fluz, the S; are partial molar entropies (recall eq. (1.10)), and v¢ = v; — v are

diffusive velocities (recall eq. (1.51)). The entropy production is (recall eq. (1.72))

1

gs = ?{277(60(1]) e(0)) + (V- v)? + Z Vi mijvj}? (4.8)

where €”(v) := e(v) — 2V -v denotes the traceless part of e(v), 9 is the thermodiffusion
J! J!

transport matriz (recall eq. (1.75)), and vy = ~iz = = is the thermal velocity
D, P,

(recall eq. (1.76)) where ¢, is the volumetric heat capacity.

The properties of 9T that are crucial here are entirely analogous to those con-
cerning M in chapter 2 (recall eq. (2.6)), and of M in chapter 3 (recall eq. (3.7)).
In particular, it holds that 9T is symmetric [88, 89], and positive-semidefinite with
nullspace spanned by the vector [ € R"™ where Iy = 0 and [; = 1 for i € {1 : n}

2For example, if the functional dependence of the chemical potentials y; on T,p,x1,... ) T 18
known, then one can recover the partial molar entropies and volumes by Maxwell relations: S; =
fda’éf and V; = %—*;)" (recall eq. (1.11)). From here, one can recover sy by Euler relations (recall

eq. (1.12)), namely: sy = S°" | ¢;S; where ¢; = x;er and ¢! = >0, 2;Vi.
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(recall eq. (1.73)). One can relate the (n+ 1) x (n+ 1) thermodiffusion matrix 91 to
the n x n isothermal transport matrix M from eq. (2.6) by the formula [113]

Moo My
N = 4.9
[93?0 M + _9)19%2())3013 (4.9)
Here, the scalar 9%y, and the n x 1 vector 2y, are given by
02 T C n DT
Moy = 22 d My = -3 " M;—— Vie{l: 4.10
00 - an 0 . ; e i€{l:n}, (4.10)

where x > 0 is the thermal conductivity, and the DI for i € {1 : n} are thermal
diffusion coefficients (recall eq. (1.77)). We note that only n — 1 of the DI are
independent, and they satisfy Y. | DI = 0 [14, 113]. Altogether, egs. (2.6), (4.9),
and (4.10) show that )% is fully parametrized by x, DI and the Stefan—Mazwell
diffusivities Z;; (recall eq. (2.6)). So long as Mt remains positive-semidefinite of rank
n, we shall permit the transport properties x, D] and Z;; to be functions of the state
variables T, p, x1,...,2,.

The anisothermal Onsager—Stefan-Maxwell (OSM) equations [14, 113] close the
balance laws egs. (4.2) and (4.6). The OSM equations read (recall eq. (1.75)):

> Mo = di = {‘CWVT’ - s (1.11)

= —¢; Vi — e S;VT +w;Vp, i€ {l:n},
where the driving forces d; were defined in egs. (1.63) and (1.76), which involves the
species chemical potentials p; (recall eq. (1.3)). If desired, one can formulate our
forthcoming numerical scheme using chemical potentials, as was done in chapter 2.
However, following chapter 3, we instead choose to reformulate the driving forces
using mole fraction gradients. This will lead to a cancellation of the VT term in the
diffusional driving forces. Indeed, since p; = p;(T,p,x1,...,x,), by the chain rule

and Maxwell relations eq. (1.11), one has

Vy; =-SVT +V;Vp+RT Y X;Vx;, (4.12)
j=1
where X = X (T',p,x1,...,2,) is an n X n matrix of thermodynamic factors, which

captures the partial derivatives of chemical potentials with respect to composition
(cf. eq. (3.19)). Substituting eq. (4.12) into eq. (4.11), we find that

> My, =d; = PV n A Z " (4.13)
s —RT Y5 XV, + (wi — Vi) Vp, i€{l:n},

revealing that the diffusional driving forces d; for i € {1 : n} are independent of VT
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4.2.2 Anisothermal augmentation strategy

Analogously to sections 2.2.3 and 3.2.3 in the previous chapters, we shall weakly
incorporate the mass-average constraint eq. (4.3), and simultaneously address the
fact that 9T is singular, using an augmentation strategy [4, 45, 64, 112]. A discussion
on this strategy in the anisothermal setting is given in [113], which we now outline.
Let v > 0 be a user-chosen augmentation parameter. It will be convenient to
introduce wy := 0, so that the mass-average constraint eq. (4.3) can be written as a

sum indexed by j € {0 : n} instead of j € {1 : n}. Namely, with wy := 0, we have
v = ijvj. (4.14)
=0

Hence, for any ¢ € {0 : n}, multiplying eq. (4.14) by ~w; yields

nywiwjvj = YW;v. (4.15)

J=0

Adding eq. (4.15) to eq. (4.13), we obtain the augmented anisothermal OSM equations
Zﬂﬁzjvj =d; +ywv Vie{0:n}, (4.16)
=0

where 97 is a symmetric positive-definite augmented thermodiffusion matriz,
m;); = i)ﬁij + YwiWy . (417)

Since wy = 0, we have M, = M;; whenever i = 0 or j = 0. In fact, one has [113]

(4.18)

Mo,
My M7+ =<
00

where M7 is the augmented isothermal transport matrix from eq. (2.14). Having
incorporated the mass-average constraint in the OSM equations through augmenta-
tion, following the previous chapters we only explicitly enforce the divergence of the

mass-average constraint. Written in terms of molar fluxes, this means that we enforce

V-v:V-<iw>=V-<zﬂ:¢ij>, (4.19)

= P

where ¢; = %. The same notation for 1 was used in chapter 3 (see eq. (3.11)).

Also, following the previous chapters (recall egs. (2.13b) and (3.22)), for symmetry

we augment the momentum balance eq. (4.1) with the mass-average constraint:

d(pv) -
T—FV-(pv®v)+Vp—V-T+’yv—’yzijj:O. (4.20)

j=1
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Finally, we shall express the augmented OSM equations eq. (4.16) in terms of the

fluxes J., Ny, ..., N, instead of the velocities vy, vy, ...,v,. Since
J.=c,vvo, Ni=cv; Yie{l:n}, (4.21)
this motivates us to define the scaled transport matrix (in analogy to eq. (2.17))

e n e n

M = diag(c;}/, ety c_l)ﬂﬁdiag(c;%/, et et (4.22)

where diag(ay,...,a,) is the diagonal matrix with i-th diagonal entry given by a;.

The augmented analogue of 9N is 9517, given by the formula

~

M’ = diag(c;%,, it e o diag(c;%/, it e, (4.23)

Using the rescaled matrix 9%’ and eq. (4.13), one verifies that eq. (4.16) becomes:

A - -VvT i=0
Mo, + »  M,N; = ’ _ :
: Z n {_RTZ?I XV + (v = V) Vp+ b i€ {1:n}.

(4.24)

Equation (4.24) is our desired formulation of the anisothermal OSM equations. In-

J=1

deed, it has the advantage of being expressed in terms of the fluxes J., Ny,..., N,, it
involves a symmetric positive-definite matrix 9517, and the terms on the right-hand

side of eq. (4.24) are amenable to integration by parts in a weak formulation.

4.2.3 Full anisothermal problem statement

As in the previous chapters, we use boldface notation for vectors and matrices indexed
by i € {1 :n} (or, where it is clear from context, i € {0 : n}). Hence, for example, we
write ¢ = [c1, ..., ¢, ", which is to be interpreted as an n x 1 vector. For R%-valued
quantities we write, for example, N = [Ny, ..., N,]", which is to be interpreted as
an n X d matrix, and the divergence acts on its rows, so that V- N is an n x 1 vector.

The full anisothermal problem is obtained by combining egs. (4.2), (4.6), (4.19),
(4.20), and (4.24). In particular, the unknown functions of space and time to be solved

for are the velocity v, irreversible entropy flux J., molar fluxes IN, temperature 7',
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pressure p, and mole fractions x, such that, in block-matrix notation:

0
g)tv) +V-(v@v)+Vp+y(v—9'N) (4.253)

-V (2776('0) + (¢ =2n/d)(V - v)H) -

{(1) RTOX} {VT} + Lb 0 V} Vp+7 L(/))} = { ] , (4.25h)
8;—;/ + V- (syv) + V- (J; +§T(N —cv ) = g, (4.25¢)
V-(v-9"N)=0, (4.25d)

% +V-N=0. (4.25¢)

Before clarifying the notation in eq. (4.25), note that eq. (4.25a) can be viewed as the
equation for velocity v, eq. (4.25b) for the fluxes J, and N, eq. (4.25¢) for temperature
T, eq. (4.25d) for pressure p, and eq. (4.25¢) for mole fractions x.

In eq. (4.25a), we recall that p is the density, v > 0 a user-chosen augmentation pa-
rameter, (¢); = 1; = ™, while  and ¢ are the shear and bulk viscosities, respectively.
In eq. (4.25b), X is a matrlx of thermodynamic factors (recall eq. (4.12)), (V); =V;
are partial molar volumes, and the transport matrix M is given by eq. (4.23). In
eq. (4.25¢), sy is the volumetric entropy, (S); = S; are partial molar entropies, and
(¢); = ¢; are the concentrations. The entropy production gg in eq. (4.25¢) can be

expressed in terms of the unknowns as (cf. eq. (4.8))

gs = %{277(6%) )+ (V) ( [;{,}zm K )} (4.26)

Note that in eq. (4.26), we use 9 instead of its augmented analogue 9. This is be-
cause there is no need for 91 to be positive-definite in eq. (4.26), and using M in its
place would violate the invariance of diffusional entropy production under a common
additive shift in the species velocities. Note also that p,p,n,(, X,V 931, 9:717, sy, S
and c are all material properties and are functions of the state variables 7', p,  only.
In all cases, we assume this functional dependence to be known, and Lipschitz con-
tinuous.

The system in eq. (4.25) must be closed with suitable initial conditions (ICs) and
boundary conditions (BCs). Regarding BCs, let I' := 99 denote the boundary of
Q) and nr the unit outward normal on I'. The simplest choice of BCs is, in direct

analogy to those considered in section 3.3.1, given by:
=[(4"N)-arlac +g, onT, (4.27a)
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N;-np =g on ' Vie{l:n}, (4.27b)
J, - hr = g, onI. (4.27¢)

The functions g, : I' — R ¢, : T — R and g; : I' — R are prescribed data. As in
section 3.3.1, we assume g, -nr = 0 on I, so that eq. (4.27a) enforces the mass-average
constraint in the normal direction and v = g, in the tangential directions. Moreover,
as in section 3.3.1, we permit the prescribed normal fluxes g;, gs to be known algebraic

functions of the state variables T, p, x.

4.2.4 Adaptations in the locally electroneutral case

The previous discussions can be adapted, mutatis mutandis, to handle the flow of
anisothermal, locally electroneutral multicomponent electrolyte flows. In other words,
the framework of chapter 3, which employs the salt-charge transformation [114], can
be readily extended to the anisothermal setting.

The relevant adaptations are summarised below. As in section 3.2, we now assume
there are n > 3 species, with equivalent charges z; for ¢ € {1 : n}. Let n. > 2 denote
the number of charged species; we list the species so that the first (n — n.) species
are uncharged, and the last two species are oppositely charged. We assume the local

electroneutrality condition (recall eq. (3.1)),
D zje;=0 inQ (4.28)
j=1

Following section 3.2.2, one employs an n x n salt-charge transformation matrix

Z (see eq. (3.13)). The concentrations, mole fractions and fluxes transform as

ey =Z Te= CO} , (4.29a)
xy =2 'x= a(:),,] : (4.29b)
N,
Ny :=Z "N = i ] : 4.29¢
’ 17/ 21) 29
Recall that the condition (¢z), = (xz), = 0 is equivalent to electroneutrality

eq. (4.28). We refer to ¢, as the component concentrations, while x, are the compo-
nent (molar) fractions and N, the component (molar) flures. Moreover, I = FN "z
represents the electrical current density, where F' is the Faraday constant. The elec-

trochemical potentials transform as
My
=Zpu= , 4.30
Kz 12 [F Hz H (I)Z} ( )
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which defines the component chemical potentials p, and the salt-charge potential 5.
Partial molar properties also transform. For the partial molar volumes, one has:
oz [ V., ]

V, = 2V =
& op | F =l %7

(4.31)
where the component partial molar volumes V,, were already introduced in eq. (3.20);
experimentally, they can be recovered from density measurements [86]. The quantity
% can be viewed as an electrostriction coefficient, and it quantifies the change in
molar volume of the system with respect to charge density [99]. However, under
electroneutrahty, Z does not show up anywhere in the governing equations and it

can thus be 1gnored. On the other hand, the partial molar entropies transform as

JE— — 8uz S_
Sy, =27ZS5 = = 4.32
g o= el (432
which defines S, = —aa%, the component partial molar entropies. The additional

quantity % turns out to be quite subtle. Unlike %, this quantity does show up in
the governing electroneutral equations, in particular the entropy balance law eq. (4.6).
Indeed, under the salt-charge transformation, the entropy flux (recall eq. (4.7)) be-
comes

Jo=J 48 (N—eco)=J+5, (N, - ) - z‘% (4.33)
Equation (4.33) shows that ‘%Z apparently quantifies the excess flow of entropy due
to the electrical current. However, since Js only appears in the entropy balance law

eq. (4.6) through its divergence, it is interesting to note that

0d,

. /

Vet =V (S48 (N, —en)) —1-9(FE). (4.34)
since V - I = 0 under electroneutrality (see eq. (3.15)). In particular, so long as

8§TZ is a constant (or approximately so), its value is not of physical importance in the

present model. Since we are not aware of discussions on 857? in the literature on OSM
flow, for the sake of simplicity we shall assume that it can be neglected. If, however,
a model for this quantity were to be provided, then it could straightforwardly be
incorporated into our numerical framework.

The vector ¢ and transport matrix 99t transform by (cf. eq. (3.17))
o ~ (1 0|1l O SO T I S O RSO I
Yy = Zy, My = {O Z} m [O ZT} . M, = {O Z} m {O ZT] . (4.35)

With these quantities at hand, one can utilise the salt-charge transformation to show

that the analogue of eq. (4.25) in the electroneutral setting is as follows. The unknown
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functions of space and time to be solved for are the velocity v, irreversible entropy
flux J, component molar fluxes IV,, current density I, temperature 7', pressure p,

component fractions x,, and salt-charge potential 4, such that:

)
% +V - (pv @)+ Vp+ (v -9y Nz) (4.362)
V- (206(0) + (¢ = 20/)(V - 0)T) =0,
10 0 VT 0 . o
- |0 RTX, O Va, | + v, Vp+7[ ]“2951 {]
0 0 F|z|] |V, (‘bz—{o}) Yz Z | Ny
(4.36b)
aai: + V- (syv)+ V- (J; +S_Z,T (N,, — c,,y)) = gg, (4.360c)
V- (v—9fN;) =0, (436d)
0 (Y V - N,
5{01+{v.]1_0- (4.36¢)

Note that X0 in eq. (4.36b) is the matrix of thermodynamic factors under elec-
troneutrality from eq. (3.19). Also, it may be helpful to recall that N is defined in
eq. (4.29¢). In the salt-charge basis, the entropy production gg in eq. (4.36¢) can be
expressed as (cf. eq. (4.26))

g5 = %{277(6%) )+ T+ ( MEIHM ) } (4.7

It is worth comparing eq. (4.36) with eq. (3.24) (the isothermal case), and eq. (4.25)
(the uncharged case). Comparing eqgs. (3.24) and (4.36), we see that the main dif-
ference is the inclusion of temperature in eq. (4.36b), and the entropy balance law
eq. (4.36¢). On the other hand, comparing eqs. (4.25) and (4.36), we see that the
main difference is the salt-charge potential in eq. (4.36b), and the solenoidal condition
on [ in eq. (4.36e).

Overall, although egs. (3.24), (4.25), and (4.36) are notationally cumbersome,
and certainly are not identical, they are structurally very similar. In particular,
with suitable adaptations, they can all be discretised using the same strategies from

chapter 3.

4.3 Discretisation

In this section we outline how the governing anisothermal equations can be discretised

using the ideas from chapter 3. For brevity, we will focus on the equations for the
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uncharged case, in eq. (4.25). However, the same discretisation strategy applies to
the charged, locally electroneutral equations in eq. (4.36), and we will numerically

simulate this case in section 4.4.2.

4.3.1 Finite element spaces and reconstruction operators

We use the standard notation for Lebesgue and Sobolev spaces L?*(€2), Wh=(Q),
H'(Q), H(div; Q) and their norms [48]. Moreover, we write L3(Q) := {q € L*(Q) :
(q,1)q = 0} for the subspace of functions in L?*(€)) with vanishing mean. We write
Hi(Q) :={u e H(Q) : ulr = 0} and Hy(div; Q) := {u € H(div;Q) : (u-nr)|r = 0}
for subspaces with vanishing traces (recall I := 92 with outward unit normal nr).
Following section 3.3.3, we introduce finite dimensional finite element subspaces

that may depend on a parameter h € (0, c0) representing, for example, the mesh size:

V, c H'(Q)4, Vo := Vu N HY(Q)Y, (4.38a)
Py C L*(9), Pon := P N LA(Q), (4.38b)
N, C H(div; ),  Nop := N, N Hy(div; ), (4.38c¢)
X, C L*(Q), Xop, := X, N LE(Q), (4.38d)
S C Wh2(Q). (4.38¢)

We assume that Py, X and S;, contain the constant functions, i.e. 1 € P, N A, NSy,.

Following section 3.3.3, we seek the discrete velocity v, € V), and pressure py, € Py,.
We seek the discrete molar fluxes (IN); € Ny, for i € {1 : n} and irreversible entropy
flux J;, € N,. We seek the discrete mole fractions (x5); € A&j for i € {1 : n} and
temperature 7j, € Aj,. We additionally discretise the volumetric entropy, sy, € Sp.

We assume that (V,,Py) forms an inf-sup stable Stokes pair [49], in the sense
of eq. (3.32). Likewise, we assume that (N, &)) forms a divergence-free and inf-
sup stable mixed-Poisson pair [49], in the sense of eq. (3.33). In practice, in our
numerical experiments we employ the degree k > 2 Taylor-Hood pair [17, 109] for
(Wi, Pr). For (N, X)) we employ the RT,-DGy,_; [96] pair, although the BDM—
DGy pair [22, 85] is equally viable. For S, we employ the CGy_; finite element
space of continuous piecewise degree k — 1 polynomials.

Following section 3.3.4, we shall employ Lipschitz continuous smoothing operators

mp, t Pn— P NWE®(Q)  and  7x, 1 &y — A, NWHX(Q). (4.39)
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In practice, we take these to be the L?()-projection of P}, into P, N WH>(Q) and

likewise for &},. The reconstructions of Ty, p, and x) are defined as

—_—

j/:/h = WXhTh; ﬁ;L = Tp, Ph (.’Bh) = ﬂ-Xh L /Zﬂ'/yh iBh (440)

Note that the reconstructed mole fractions are normalised to exactly sum to unity.
We then write X. , "(Z, V, p, and so on, to denote properties evaluated with the
reconstructed ﬁ, pr and x;, (as opposed to Ty, pp, and ;). Exactly as in chapter 3,
we use these reconstructed properties because they ensure the weak differentiability

of quantities arising in our discretisation.

4.3.2 Spatially discrete problem

We discretise eq. (4.25) in space (but not time) by multiplying the equations by
suitable test functions and integrating over Q2. We use (-, )q and (-, )r to denote
the L2-inner products on © and I', respectively. The pressure and viscous terms in
eq. (4.25a), in addition to the gradient terms on the left-hand side of eq. (4.25b), are
integrated by parts, and the boundary terms vanish owing to our BCs below. Density
consistency terms (recall eq. (2.66)) are also incorporated in eq. (4.25d). An equation
for sy, is obtained by taking the L?(£2)-projection of the equation sy, = sy;, which
is feasible since sy is a function of T', p, & only.

Altogether, we obtain the following semi-discrete problem. We seek time-dependent
discrete functions v, € Vi, pn € Pn, Ni € (No)", J. ) € Nu, T € (X)", Th € A,
and sy, € S, such that:

d _ —_—
a2 (th,uh)g + (V - (pop @ vp) + V(Uh - ¢TNh),Uh>Q - (ph, V- Uh)Q

+ (Qﬁe(vh) +(C—2/d)(V - vh)]I,e(uh)>Q — 0 Vuy € Vo,

(2] ] ) - (o { (7 - }) /.
)

(4.41a)

~ s J/ K
W, — T 1 Ys,n h h n+1

+ (’W)Uh, h)Q (9)1 |:Nh:| , [WJ ) { W, € (

d !

&(sv,h, Lp)a + (V . ((SVJﬂ)h) + Jont S (N, — cvp)) — gsns Lh) =0 VL,e€ A,
(4.41c)

(V . (Uh - JI—NhLQh)Q — <ﬁp . (Uh — 'l/z)\:rNh),qh>F =0 th € Ph, (441d)

d, .

(@) + (V- Nuyn)g =0 Vyu € ()", (4.41¢)
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(svh—5v,mh), =0 Vry € Sp, (4.41f)

where the discrete entropy production ggp, in eq. (4.41c) is defined as (cf. eq. (4.26))

on = 1;lh{2ﬁ(e0<vh> ) + T )+ ( FIEI )} (442

h

and [;, € R is a Lagrange multiplier which, if desired, can be used to enforce exact
energy preservation. We discuss our energy preservation strategy in section 4.3.3; if
this is not desired, one can simply take [, = 0 in eq. (4.42).

Moreover, in exact analogy to section 3.3.5, we strongly impose the following

discrete analogue of the BCs in eq. (4.27):

Vp = Ty, ([(¢ ) TALF]TALF —+ gvH> on F, (443&)
(Np)i - e = 7as, (2) on' Vie{l:n}, (4.43b)
;,h nr = 7T/\/h( ) on I (4.43¢)

where 7y, and my, are L?*(T')-projection operators onto the discrete trace spaces, as
defined in eq. (3.39).

Equations (4.41) and (4.43), with suitable initial conditions, define our semi-
discrete scheme. However, we should emphasise that, in exact analogy to section 3.4.2,
for well-posedness the discrete problem must be supplemented with integral con-
straints. One must choose these on a case-by-case basis, depending on the functional

dependence of the material properties on T, p, &, and on the boundary conditions.

4.3.3 Structure preservation and timestepping

At the continuous level, the governing Navier—Stokes—OSM equations are entropy
dissipating and energy preserving. To see this for the entropy, integrate eq. (4.6) over

) and apply the divergence theorem, to obtain

d
SV dQ2 + /(S\/U + Js) : TALF dl' = / gs de. (444)

Hence, subject to the no-flux conditions

v-nr=0, Jo-np=0 onl, (4.45)
it holds that q
dt Q
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since gs > 0 pointwise. Thus the entropy of the system, fQ sy d€2, is non-decreasing
under the BCs eq. (4.45). Regarding the energy, one can similarly integrate eq. (1.49)

over {2, and apply the divergence theorem, to obtain

d
— | peor A2 + /(petotv —ov+Jy)-npdl =0. (4.47)

Here, ey is the specific energy, so peio is the volumetric energy. Thus the energy of

the system, fQ peior A2, remains constant under the BCs
v=0, J,-nr=0 onl. (4.48)
When the data g, ,g; and g; in eq. (4.27) are zero, at the continuous level one has:
v=0, N;-npr=0Vie{l:n}, J.-ar=0 onT. (4.49)
Using J, = 2 and eqs. (1.51), (1.60), (1.61), and (4.49), we find that
Js-np =0, J,-np=0 onl. (4.50)

Hence eqgs. (4.45) and (4.48) are satisfied. Thus entropy dissipation and energy preser-
vation both hold at the continuous level, for vanishing boundary data in eq. (4.27).
We now investigate the extent to which this holds discretely.

At the semi-discrete level (i.e. without discretising in time), entropy dissipation

follows readily by taking L, =1 in eq. (4.41c). The divergence theorem then yields

d =T - .
- / Sv,h dQ + / ((SV,hUh) + ‘];,h + ST(N}Z - CUh)> - nr dlI' = / gs.n dQ, (451)
dt Jo r 0

and, owing to the BCs eq. (4.43) together with the assumption that the boundary

data is zero, the boundary term in eq. (4.51) vanishes. One therefore obtains

d

- SthQ:/ggyth. (452)

Inspection of eq. (4.42) reveals that gsj, > 0 pointwise, so long as [, > —1. Hence, in
this case, the numerical scheme is entropy dissipating.

In general, due to spatial discretisation error, exact energy preservation cannot
be expected without further work. A straightforward way of accomplishing this is
to treat the Lagrange multiplier [, in eq. (4.42) as an additional time-dependent
scalar unknown to be solved for. An additional equation that implicitly determines
[, must then be chosen. We take this equation to be the statement of discrete energy

preservation:

d 1. __
7 i §p(vh ) 4 peiny A2 = 0. (4.53)
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The expression in the integrand is obtained by noting that the specific total energy is
given by eq. (1.48), where the volumetric internal energy peiy is a function of T, p, x.

Owing to eq. (4.53), our semi-discrete scheme is, by construction, energy pre-
serving. Assuming that [, > —1 holds (which can always be checked a posteriori),
by eq. (4.52) it is also entropy dissipating. In practice, we observe numerically that
|ln] < 1, and we expect that [, — 0 under mesh refinement. Indeed, note that i, = 0
recovers the correct expression for the entropy production, which was obtained from
the total energy balance to begin with (recall section 1.5). Another argument to be
made for using [}, is that its use amounts to rescaling the transport properties 7, ¢
and 99T in the entropy production by a factor of (1+1p). For |l;| small, this rescaling
will likely be within the extent of experimental uncertainty in 7, ¢ and M.

Finally, we should mention how entropy dissipation and energy preservation can be
retained once a timestepping scheme is applied to the semi-discrete problem. Follow-
ing section 3.4.3, we shall focus our attention on implicit Runge-Kutta (IRK) methods
[120]. A general n,-stage IRK method can be described by a Butcher tableau,

Cirk Airk
4’7{)1& ) (4.54)

where '™ ¢k € R™s and A% € R"*"s are coefficients determining the method [120].
Once a finite element basis has been chosen, our semi-discrete problem in egs. (4.41),

(4.43), and (4.53) amounts to an index-1 differential algebraic equation of the form

where y € RP' and z € RP2, for some integers D, Dy > 2 and functions f, g whose
precise form is unimportant. Without any loss of generality, the finite element basis

can be chosen such that the first two degrees of freedom are the entropy and energy,

Y1 :/Sv,th7
0

1. .
y2=/§p(vh-vh)+peimd9,
[9]

(4.57)

and it holds that fi(y,z) > 0 and fa(y,2z) = 0 whenever g(y,z) = 0, due to the
discussion above. Note that this choice of basis is purely a theoretical device; in

implementations one usually works with locally supported bases, but all choices of
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bases are mathematically equivalent. When the IRK method with Butcher tableau
eq. (4.54) is applied to eq. (4.55), the value of y**1 at timestep k + 1 is given by

i=1
where At is the timestep, and Y*!, B* are stage values which satisfy g(Y*, B¥) = 0,
in addition to other equations [120, sec. (VI.1), eq. (1.11)]. Therefore, we see from
eq. (4.58) that fully-discrete entropy dissipation and energy preservation,

Yt > gk bt =k (4.59)

will hold if bi™k > 0 for all 4 € {1 : n,}. In this case, we say that the IRK method has
positive quadrature weights. Any Runge—Kutta method that is algebraically stable has
positive quadrature weights [120], which includes the backward Euler method, and
the higher-order methods of Gauss, RadaulA, RadaullA and LobattoIIIC.

We have therefore shown that, by employing any algebraically stable IRK method,
entropy dissipation and energy preservation are retained during timestepping. It
should be emphasised, of course, that in a numerical implementation, this will only

be true up to solver tolerances, quadrature error, and rounding error.

4.4 Numerical examples

In this section, we present numerical examples which demonstrate the feasibility of
our proposed anisothermal discretisations. All examples were implemented using
Firedrake [63]. Irksome [51, 71] was used for timestepping, and we generated the
meshes using ngsPETSc [12, 101]. We solved all nonlinear systems using Newton’s
method [35], together with the sparse direct solver MUMPS [1].

4.4.1 Structure preservation in a lid-driven cavity

To show that our discretisation is capable of energy preservation and entropy dissi-
pation, we consider the lid-driven cavity flow of an ideal gaseous mixture of n = 2
species, in d = 2 spatial dimensions.

In this simulation, we treat all quantities arising in the governing problem eq. (4.25)
as being physically nondimensional. We use molar masses of m; = 1.25 and my =
0.75. For the equilibrium thermodynamic properties of the mixture, we set R = 1

for the gas constant, and we assume a calorically perfect ideal gaseous mixture, as in
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eq. (1.27). We assume the gases to be monatomic, so that their partial molar heat ca-
pacities are @ = @ = gR. For the transport properties, we take Stefan—Maxwell
diffusivities of %15 = %51 = 1.1, a thermal conductivity of kK = 1.2, thermal diffusion
coefficients of DT = 1.3 = —DI a shear viscosity of 7 = 1.4 and a bulk viscosity of
¢ =1.5.

We simulate the system from an initial time of ¢ = 0, up to a final time of ¢t = 1.2.
As initial conditions, we set x1|;—o = Z2|i=0 = 0.5 for the mole fractions, p|;—o = 0.9
for the pressure and T'|;—9 = 0.8 for the temperature, uniformly in the domain €.
We take 2 = (0,1)% to be the unit square. We employ the boundary conditions
in eq. (4.27), with zero normal fluxes g1 = go = g; = 0 on ' := 09Q). We set the
tangential velocity g, to be zero on the top, left, and bottom boundaries of 2. On
the right boundary of €2, we impose a quadratic forcing profile, which grows linearly
in magnitude with the time ¢, and is subsequently ramped down to zero at t = 1. We

accomplish this by taking:

0 .
Gu (T,y) =t g:(t) [0.75?;(1 _ y)] V(z,y) el withz=1and 0 <y <1, (4.60)

where ¢; is a piecewise linear function which stops the forcing once ¢t > 1:

1 if 0 <t<0.98,
g(t)=q1—(50-(t—0.98)) if0.98<t<1, (4.61)
0 if ¢ > 1.

Hence, the energetics of the system will be affected by the forcing (cf. the ov term
in eq. (4.47)) up to time ¢t = 1. Once t > 1, the system becomes unforced; energy
preservation and entropy dissipation must then hold. We now verify that this is
captured in our numerical discretisation.

We solve the discrete problem eq. (4.41) using a mesh of 852 triangles. For discrete
finite element spaces we employ the degree k Taylor-Hood pair [17, 109] for (Vy,, Ps),
the RT-DGy_; [96] pair for (N, Xy), and S, = CGy_; with degree k = 5. The
nonlinear systems at each timestep are solved using Newton’s method with an absolute
tolerance on the residual of 107! in the Euclidean norm. Each nonlinear system
consists of 3.4 x 10° unknowns.

For timestepping, we employ the RadaullA implicit Runge-Kutta method [120]
with two stages, with a timestep of At = 0.01. After the 100th timestep (i.e. once
t > 1), the system becomes unforced, and we then employ the Lagrange multiplier
strategy of section 4.3.3 to enforce energy preservation eq. (4.53). Note that high-order

(i.e. of order greater than one) timestepping methods are not expected to be beneficial
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in the present example, since g; is not continuously differentiable and therefore the
exact solution is not smooth in time. Nonetheless, we employ the RadaullA method
with two stages here, for the sake of demonstrating that structure preservation is

possible with multi-stage Runge-Kutta methods.

Figure 4.1: Plot of the change in entropy, total energy, kinetic energy and internal
energy, starting from time ¢t = 0.98, for the simulation in section 4.4.1. The total
energy is preserved for ¢ > 1, which is when the system is unforced. The Lagrange
multiplier [}, is also plotted.
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In fig. 4.1, we plot the change in entropy fQ sy, d€2, kinetic energy fQ %ﬁ(vh-vh) ds2,
internal energy [, pei dS2, and total energy [, 3p(vy, - vn) + peime A2 The plot starts
from time ¢ = 0.98 when the forcing begins to be ramped down (recall eq. (4.61)),
and goes up to time t = 1.05 after which the energetics of the system do not change
much. We see that the entropy increases over the plotted timesteps, while the total
energy is preserved over the timesteps for ¢ > 1, which is when the system is unforced.
Indeed, for ¢t > 1, we compute that the change in total energy always remains below
104, although it is not exactly zero due to rounding error and solver tolerances.
The value of the Lagrange multiplier [, is also plotted in fig. 4.1 as a function of time.
In particular, we see that [;, > —1 holds for all time, which ensures that entropy
production remains non-negative. Finally, in fig. 4.2 we plot the temperature 7" and

streamlines of the velocity v at time ¢ = 1.04, shortly after the forcing is stopped.
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Figure 4.2: Streamlines of the velocity v from the simulation of section 4.4.1 at time
t = 1.04. The domain is coloured by the temperature 7'.
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4.4.2 Anisothermal cosolvent electrolyte

In this example, we repeat the cosolvent electrolyte simulation from section 3.5.3, but
now in the anisothermal setting where the governing equations are given by eq. (4.36).
Recall that this simulation involves an electrolyte comprised of LiPFg salt dissolved
in two solvents, namely ethyl-methyl-carbonate (EMC) and ethylene-carbonate (EC).

We use the same material properties from section 3.5.3, but in the anisothermal
setting we must also specify the component partial molar heat capacities. Note that
by a Maxwell relation (cf. eq. (1.7)), these are given by

_ S,

C v = T_7
P or

(4.62)
where the component partial molar entropies S, were introduced in eq. (4.32). We
take C,,pmc = 183JK 'mol™" and C,,rc = 130JK'mol™', and we assume
these to be constant. These values were obtained using empirical correlations from
[54, Table IV] at temperature 7' = 298.15K. Lacking data for the partial molar
heat capacity of LiPFg dissolved in an EMC:EC mixture, we make the approxima-
tion that 6p,V7LipF6 = 0, i.e. we assume that LiPFg does not contribute to the total
heat capacity. This is a crude but acceptable approximation in the current simulation
where LiPFg is relatively dilute, with its component fraction value fluctuating around
zLiprs ~ 0.077. The additional transport properties to be specified are the thermal

conductivity & and thermal diffusion coefficients D (see eq. (1.78)). Lacking data
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for the DT, we set these to be zero; the Soret and Dufour effects are expected to be
negligible in this system. We are also not aware of any thermal conductivity data
in the literature for EMC:EC mixtures. We therefore take the thermal conductivity
to be k = 0.16 Wm ! K~!, since similar thermal conductivity values have been re-
ported in the literature for structurally similar chemicals at 7" = 298.15 K (see [31,
supplementary material, fig. S7]).

We employ the same Hull cell domain €2, boundary conditions, initial conditions,
and integral constraints as in section 3.5.3. For the temperature, we use an initial
condition of T'|;—g = 298.15K. For the thermal boundary conditions, instead of
prescribing the normal component of the irreversible entropy flux, as in eq. (4.27¢),

we consider the Robin-type BCs

T g = ’;W&“ (T — Tan) on T, (4.63)
wall

where Jé = T'J! is the irreversible heat flux, while Kyan, lwan and Ty.y are prescribed.
Physically, eq. (4.63) is a statement of Fourier’s law, expressing that the walls (i.e. the
domain boundary I') are thermally conducting, with thermal conductivity k. and
thickness lyan. Moreover, Ty.y represents the ambient temperature directly outside
the wall. We set fyan = 0.1 -5k = 0.016 Wm ' K™, and [y = 0.1 mm, where we
note that the width of the Hull cell is 10 mm. We take Ty to be 298.15K on the
top, left and bottom walls. On the right wall we take T to be 327.97 K. Near the
vertices of the right wall, we have Ty, vary smoothly between the values of 298.15 K
and 327.97 K. Note that these Robin-type BCs are implemented in a similar fashion
to the Dirichlet BCs on the mole fractions from section 3.5.2, wherein we suitably
enlarge the space of test functions and we add appropriate boundary terms in the
discretisation (cf. eq. (3.53)).

We solve the discretised anisothermal problem using the same mesh, finite element
spaces (Vy,, Pp) and (N, &y) (with S, = CGy_; where k = 4), timestepping scheme,
and Newton solver, as in section 3.5.3. The nonlinear systems at each timestep consist
of 2.1 x 10% unknowns, compared with 1.7 x 10° unknowns in section 3.5.3. The larger
degree of freedom count is due to discretisation of the temperature and irreversible
entropy flux.

Note that we numerically integrate the governing equations up to a final time of
172800 seconds (two days) using the RadaullA implicit Runge-Kutta method [120]
with two stages, and with 200 timesteps. The molar fluxes and fractions vary non-
trivially over the course of these 200 timesteps (cf. fig. 3.4). However, a dimensional

analysis reveals that the thermal timescale is much smaller than the diffusive timescale
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Figure 4.3: Streamlines of the irreversible heat flux J; from the simulation of sec-
tion 4.4.2 at time ¢t = 4320 s. The domain is coloured by the temperature 7.
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for this problem. In particular, we observe that the temperature field reaches near

steady-state conditions within the first two timesteps. This underscores the practical
value of using an implicit Runge-Kutta method, which remains stable in the presence
of multiple physical processes with disparate timescales.

In fig. 4.3 we plot the computed temperature field 7', and streamlines of the
irreversible heat flux Ji, at time ¢ = 4320s. The qualitative behaviour of these fields
matches what one would expect from Robin-type BCs in eq. (4.63), with heat flowing
from the hotter right wall to the others. It is also worth noting that the temperature
and irreversible heat flux remain well-behaved near the top-right corner, even though

the current density becomes singular in this region (cf. fig. 3.1).

4.5 Conclusions

We have demonstrated that the numerical framework from the previous chapters ex-
tends readily to the anisothermal setting. If desired, energy preservation and entropy
dissipation can simultaneously be enforced using a Lagrange multiplier. We also
brought attention to the quantity %, which appears to have physical importance in
the entropy balance for electroneutral flows, and we are not aware of discussions on
this in the existing OSM literature. It will be of interest to clarify the meaning of

this quantity in future work.
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Chapter 5

Conclusions

This thesis has developed a general numerical framework, based on finite element
methods, for the simulation of multicomponent flows. The foundation of this frame-
work was established in chapter 2, where we devised a large family of finite element
methods for Stokes—OSM flow that are amenable to Newton’s method, and in a
linearised setting are provably discretely well-posed and quasi-optimal. Chapters 3
and 4 then extended this framework in various directions by systematically incorpo-
rating additional physical phenomena, such as transience, Navier—-Stokes flow, local
electroneutrality and anisothermality. This has ultimately resulted in a large fam-
ily of finite element algorithms that are capable of solving the Navier—Stokes—OSM
equations eqs. (1.50), (1.74), and (1.75) in great generality. The challenges that we
faced along the way to accomplishing this have, in many cases, not previously been
addressed or even identified in the literature.

The generality of our framework here enables the simulation of scientific appli-
cations that were not previously possible. A particularly exciting application is the
simulation of battery electrolytes, since these are known to be captured well by OSM
theory [23, 86|, but for lithium-ion batteries the relevant OSM transport coefficients
have only recently been experimentally measured [68, 117]. For systems where trans-
port coefficients are not known, the numerical framework of this thesis opens the door
for their estimation using techniques such as inverse modelling and PDE-constrained
optimisation.

Of course, while the numerical framework of this thesis is quite general, ample
opportunities exist to further improve upon it and extend its scientific applicability.
For example, large-scale simulations in three spatial dimensions will necessitate the
development of efficient preconditioning strategies, as investigated in other work in-
volving the present author [72]. Another example is that of extreme physical regimes,

wherein, for example, the species concentrations may locally vanish (or nearly so),
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or where the Reynolds or Péclet numbers become very large. Specialising upon the
methods here by efficiently handling these regimes (e.g. with stabilisation schemes)
would further increase the scientific applicability of our framework. Finally, one could
consider extending upon the governing equations egs. (1.50), (1.74), and (1.75) them-
selves, to capture additional physical phenomena, such as chemical reactions [56],
nonlinear constitutive laws [91], or violations of local electroneutrality [99].
Ultimately, this thesis represents some of the first work on the development and
numerical analysis of algorithms for multicomponent flows in non-idealised physical
settings. It is hoped that our work herein will be useful, both for practitioners in the
sciences and for other mathematicians studying the numerical analysis of multicom-

ponent fluids.
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Appendix

This appendiz is adapted from the appendiz in [7].

A.1 A problematic model

Consider a binary mixture on a fixed domain €2 with molar concentrations cy, cs, total
concentration ¢r = ¢ + ¢ and molar fractions x; := ¢;/cr with x7 + 2o = 1. Let

x = x1. We assume a volumetric equation of state
CT:A+B$, (Al)

with A and B non-zero constants satisfying A > 0 and A+ B > 0 so that ¢y > 0.
This seemingly benign equation of state assumes the total concentration is linear in
composition; an experimentalist might reasonably make such an approximation by
fitting experimental data. Since ¢y = np/V where ny is the total number of moles
and V' is the volume, one can verify that the (non-constant) partial molar volumes
(recall eq. (1.10)) are

— A+B(2x—-1) —~ A+2Bzx
Vi:

1 __ __
(At By ° T Agpy W4 pmalitab

Assume that the total number of moles of each species is conserved, so that
d .
— [ dQ=0 Vie{l,2}. (A.2)
dt Jq

Since ¢y = ¢1 + o, we can use eq. (A.2) and use eq. (A.1) to deduce that

d
— dQd = 0. A3
dt/ch (A.3)

Moreover, since ¢; = xep we can use eqgs. (A.1) to (A.3) to deduce that

d 2
— dQ) = 0. A4
dt/ﬁx (A4)
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Let  := [,2dQ/[,1dQ denote the spatial mean of z. Since 2 is assumed not to
depend on t, eq. (A.3) implies that Z is a constant. Note that eqs. (A.3) and (A.4)

also imply

4 e pran = i(/ xQdQ—/xQdQ> ~0.

dt Jq dt \ Jq Q

Thus [,(z —Z)*>dQ = C for some constant C. Now, if « is initially spatially uniform,

then C' = 0. This then implies that x = = a.e. in Q for all time, and 7 is a constant.
To conclude, any model which assumes equation of state eq. (A.1) and conserva-

tion properties eq. (A.2), with € independent of ¢, is seemingly either (i) ill-posed

or (ii) well-posed, but incapable of making physically meaningful predictions, since

a solution that initially has a spatially uniform composition retains that uniform

composition over all time.
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